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Abstract

This paper investigates certain subclasses of meromorphic functions associated with
the Noor integral operator. The study focuses on exploring the properties of
subordination and convolution for these subclasses, through precise definitions and
their connection to the Noor operator.

The work is supported by a set of theorems and complementary results that strengthen
the theoretical framework and clarify how these subclasses are related to fundamental
properties in the theory of analytic and meromorphic functions. The paper also includes
preliminary lemmas that form the foundation for proving the main results, along with
several corollaries that illustrate specific cases and applications of the studied
subclasses.
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The significance of this research lies in its contribution to the field of meromorphic
function theory by linking it with modern integral operators, thereby opening new
avenues for the study of related mathematical structures and broader applications in
complex analysis.

Keywords: Analytic functions, Meromorphic functions, Noor integral operator,
Convolution.

1. Introduction

Putting V denote the class of functions as follows:

+ z agv¥ (1.1

k=0

¢v) =

[ |k

which are holomorphic in the punctured unit disk U* = {v:0 < |v| < 1} =
U\{0}, with a simple pole at the origin.

If {(v) and g(v) are holomorphic in U, we recall that {(v) is subordinate to g(v),
written { < g or {(v) < g(v) (v € U), if there exists a Schwarz function ¥(v) in U
with ¥(0) = 0 and [¥ (v)| <1 (v € U), such that {(v) = g(¥(v)) (v € U). If g(v)
is univalent in U, then the following equivalence relationship holds true:

() <g() (v €eV) = ¢(0) = g(0)and {(U) < g(U).

If functions {(v) € ¥ given by (1.1) and g(v) € Vgiven by

+ Z a vk (1.2)

k=0

R e

glv) =

the convolution product of {(v) and g(v) is given by

(*xg)(v):= -+

NgE

< |

a vk =:(g*HW) (1.3)

&
Il

0

For {(v) € Vgive by (1,1), denote D"{(v): V — W the operator defined by
D"{(v) R v)
= *
‘W) = syt *SW

The operator D™ (v) was introduced by Uralegaddi and Somanatha [1] and studied
by Cho [2]. This operator is called the Ruscheweyh derivative of order nt* of { .
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Analogous to operator D™{(v), we here define an integral operator I,,;:V — V as

follows:
Set ¢,(v) = m ,(n €Ny ,v €U"),and let {,(v)™ be defined sueh
that
6] —
()« 8 (v) = YA )2
We have,

L) = (P )« ()

1~ n!(k+2)!

L) =4 Y Tk
= W) v+k_0(n+k+1)! %

\Y%

V(I {O)) =111 {(v) = (0 + DRI (V) (14)

Now, we introduce the following subclasses of Vassociated with the Noor integral
operator [,{(v)

Definition 1. For fixed parameters A,B (—1 < B <A < 1), afunction {(v) € V is
said to be in the class V,,( 4, 4, B) if

1 ;1 N 144
_v? {(1 — ﬁ) (1S )+ 57 (In 1S ) } <17 B\V) (veU"  (L5)

Wheren € Nand A > 0.

In this paper, we derive some subordination results for the class V,,( 4,4, B) and
investigate several convolution properties of functions which have been defined here
by means of the Noor integral operator I,{(v)

2. Preliminaries
To prove our main result, we need the following lemmas.

"Lemma 1 ([3]; see also [4]). Let ¢(v) be analytic in U and h(v) be analytic and
convex (univalent) in U with h(0) = ¢(0) = 1.

If
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ve'(v)
Y

o) + <h() (Re(y)=0;y+0;veUl), (2.1)

then

v

¢@)<¢@0=ywﬁftrﬂh@yu<imw e,

0

and Y (v) is the best dominant of (2.1).
We denote by P(y) the class of functions ¢ (v) given by
o) =1+ byv+ bvi+..., (2.2)
Which are analytic in U and satisfy the following inequality:

Re ((p(v)) >y (O<y<1vel)."

"Lemma 2 ([5]). Let the function ¢ (v) given by (2.2) be in the classP(0) . Then

[v|

1_
Re (p(v)) = Tl

(veUu)."

"Lemma 3 ([6]). If ¢; € P(yj) (O <yi<Lj=1, 2), then ¢, * @, € P(y3),
¥s = 1—2(1 —y1)(1 — y3). The result is best possible "

"Lemma 4 ([7]). For real or complex numbers a,band c (¢ # 0,—1,-2,...),

1
f th=1 (1 - )11 —vt)~dt
0

=5@5£1@;Hmaaw (Re(c) > Re(b) > 0);
I'(c)
(2.3)
iIF(a,b,c;v) =(1—-v) *1F (a,c —b; C;vvj)' (2.4)
and
\/_F a+b+1
%F(a,b;#;%)z () (2.5)

"))
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3. The main results
Unless otherwise mentioned, we assume throughout this work that
neEN, A>0and—-1<B<A<I1.
Theorem 1. Let f(v) defined by (1.1) be in the class V,,( 4, 4, B); then

14+ Av
1+ Bv

—2(I,{(v)) < Q) < (v €U, (3.1)

Where the function Q(v) given by

A+(1 A)(1+B _11F(112/’l 1; v ) B+#0
_JBT\U "B v (L L and 4 1 g ) (B #0)
Q(V) - an
1+1+2n’1Av (B =0),
is the best dominant of (3.1). Furthermore,
Re (2L} >p  (vEU, (32)
where
A A B
Z 4 (1 ——)(1—3)-1 ;F<1,1,2na+ 1; —) (B #0)
_)B B B-1
p(4A,B) = 2nl
— B =
1+ 2nA ( 0),
The result is the best possible.
Proof. set
p(v) = —v3(I,{(v))' (veU. (3.3)

Then the function ¢(v) is holomorphic in U with ¢(0) = 1. Differentiating (3.3) and
with the aid of the identity (1.4), we get

ve'(v) +ng(v)

n

_VZ(In—lz(V)), =
Now by (1.5), we have

vo'(v) - 1+ Av
2ni 1+ Bv

(veu".
(3.4)

2 {(1-52) (€D + 52 (s W) } = ) +
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Now, by using lemma 1 for y = 2nA, we deduce that

v

¢(v) < Q(v) = 2n1 v"zn’lf t2nA-1 (ﬂ) dt

1+ Bt
0
A+(1 A)(1+B)—11F(112 241 2 ) B0
_)B B VT (L1 2nd+ 1 e ) (B # 0)
142, (B = 0)
T+2n " -0

by a change of variables followed by the use of identities (2.3) and (2.4) (witha = 1,

b=2nAc=b+1).
This prove the assertion (3.1) of Theorem 1.

Next, to prove the assertion (3.2) of Theorem 1, it suffices to show that
dnf {Re(Q)} = Q(=1). (3:5)
we know that ¢(v) < Q(v), this means that
(M) =Q¥(), (¥YMI<1D)
= Re(¢(v)) = Re (Q(¥ (v)))
2 Inf {Re[Q(¥(V))]} = Q(=1)
= Re(¢(v)) = Q(-1)

we obtained the assertion (3.5). The result in (3.2) is best possible as the function Q(v)
is the best dominant (3.1).

Remark 1. The left hand side of (1.5) is equivalent to
v {(1+ i) (@) + 55 U ))"]
niA/ " 2nA "

so (1.5) is equivalent to

1+ Av
1+ Bv

—v? {(1 + %) (In((v))' + % (In((v))”} < (3.6)

Now putting 4 = ﬁ (<o < %) in Theorem 1, we get the following result:

Journal of Libyan Academy Bani Walid Page 257




Journal of Libyan Academy Bani Walid 2025

Corollary 1. If {(z) € Vsatisfies

1—-20 I 1-20 " 1+ Av
J— 2 *
% {(1 +— )(Inc(v)) +—— z(L,{(v)) < T Bv} veu”, (3.7
then
1 1+ Av
—v3(I,{(v)) < Q) < Ty (v e U, (3.9)
where the function Q(v) given by
A+(1 A)(1+B _11F<11 2no +1; v ) B+#0
_|B B WP (LL 0+ L gy ) (B#0)
QW) = 2no
1 A B =
T 2—10s (B =0),
is the best dominant of (3.1). Furthermore,
Re(—v*(I,{(v))) >p (vEUY), (3.9)
where
A+(1 A)(1 B)—11F<11 ano_ g, 5 ) B+0
_|B B “\""1-20 "B-1 ( )
p(4,A,B) = 2no
1- A B =0).
14+2(n—1)o ( )
(3.10)

The result is best possible.
TakingA=1-25§(0<8<1),B=—-1and A = % in Theorem 1, we have:
Corollary 2. If {(v) € V, satisfies the following inequality:
Re {—vz [B(In((v))’ +z (Inf(v))” ]} >0 (0<8<1;veU),
then
Re{-v2(IL,()}>1+201-6)n2-1) (veU’).  (311)
The result is best possible.

Taking A=1-26(0<6<1), B=—-1 and A= ﬁ inTheoreml,and using
(2.5), we have:

Journal of Libyan Academy Bani Walid Page 258




Journal of Libyan Academy Bani Walid 2025

Corollary 3. If {(v) € V, satisfies the following inequality:

Re{-v? [5(L,¢() + 2z (1) "]} > - Z — i (3.12)
then
Re{—v?(Ly(»)'} > 0 (3.13)
The result is best possible.
Theorem 2. If { (v) €V satisfies
v{(l - %) (L,{() + %(In_l((v))} < 1 Igz (v e U, (3.14)
then
VL) < QW) < el (e U
and

Re(vln((v)) >p (veUur),
where Q(v) and p are given as in Theorem 1. The result is best possible.
Proof. Replace ¢(v) by vI,{(v) in (3.3) and follow the lines of the Theorem 1.

Theorem 3. Let —1 < B; <A; <1 (i =1,2). If each of the functions {;(v) € V
satisfies the following subordination condition:

1+ Av
1+ Bv

v{(l - %) 1 (v) + %In_lqj(v)} < (=12 veU). (3.15)

and if {(v) € { is defined by

In((v) = n(l(v) * InGy (V) (3-16)
then
1 v
Re [(1 - ﬁ) vI,{(v) + ﬁln_l((v)] >y (3.17)
where
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_4(A, ~ B)(4; — By)
(- B)(1-By)

1, 1
[1 — EZF (1, 1, 2nA + 1; z)]

The result is best possible when B; = B, = —1.

Proof. Suppose that each of the function {;(v) € V (j = 1,2), satisfies the condition
(3.15). Then, on letting

1
o) = (1= 33) VGO + 57l (=12)  (318)

we have

;) € P(¥;) (yj =15 )= 1,2).
from (3.18), we have

I,{;(v) = 2nA vt f thnﬂ-Hp,-(t)dt (G=1,2). (3.19)
0

Now if {(v) € V is defined by (3.16), we find from (3.19) that

LL,{(v) = 1, (v) * [,{,(v)

v v
= <2n/1 v‘zn’lj- tzn’l‘l(pl(t)dt) * (211/1 V‘Z”Af t2ni-1gp, (t)dt)
0

0

%
= 2nly—2m j t2n4=10p . (t)dt, (3.20)
0

where

v
00() = 2nA v-2nA f £21 (g, % ) (8)dt 3.21)
0

since ¢,(z) € P(y,) and @,(z) € P(y,), it follows from Lemma 3 that

(P1*2)(V) EP(y3) (r3=1-2(0—-y)A—7y). (3.22)

According to Lemma 2, we have

1-1vl 2(1-v3)

O 2y -1+ . (3.23
1+ v (2ys —1) T 823

Re(pr x@p)(v) Zys + (1 —v3)
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Now by using (3.23) in (3.21), we get

Re (1~ 52) V1l ) + 52 1 af W)} = Re(o(¥)

1
= 2n) f w21 Rel(, * 93) (wv) }dlu
0

1 2(1 -
> ZnAf u?™=1( 2y, — 1+ 2a-7s) du
0 1+ ulv|

1 _
> anf y?ni-1 (2)/3 -1+ 21 )/3)> u
0 1+

A - BYWU =B [ l
4 -B)1 -5, _1 Zn/ljou 14+w) *du

_ 4(A; - B)A;—B) [ 1, ( 1)
=1- (1_31)(1_32) -1—521'7 1,1,271/14‘1,2]

=y (veuU”)

where 2y; —1=1—-14 (Al Bl) (Az )and 2(1—y3) = 4( Bl) (AZ ) which

1-B 1-B, 1-B 1-B:
completes the proof of assertion (3.17).

For B; = B, = —1, we consider the functions {;(v) €V (j = 1, 2) defined by

vtznl—l (1 + Aj(t)

I,{j(v) = 2n v-mf - ) a (j=1,2).

0

for which we have

1 1+ A4;(v) _
i) = (1= )V + o haG ) =— 2= (=1,2)

-V

and

1+ Aﬂ/) (1 + AZV)
*k

01+ 92)0) = () ¢ (22

A+A)H(A+Ay)v
+ ,
1—v

Hence, for {(v) € WV given by (3.16), we obtain
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{(1-57) vind ) + 52 hsf ) = o)

1 1+4)(1+A
= 2nA f u2ni-1 (1 —(1+A)A+A4,)+ ( 11)(uv 2)> du
. -

v
=1-(14+A)A+4)+ (A +A4A)A+4)A—-v)LIF (1, 1,2nA + 1;m

N———

1 1
= 1=+ A)A+4) +5 (L + AN +4y) 51:(1, 1,21 + 1;5)

asv — —1
which evidently completes the proof of Theorem 3.

Letting Ay =1-7;,B;= —1(j =1,2) and A =7 in Theorem 3, we get the
following result:

Corollary 4. If {(v) € Vsatisfies

v {(1 + 2_1111) 1, (v) + %(In{j(v))'} >n; (i=1,2veEU?)

then

1 2 ,
Re{(1+m)v(1n<1<v>* 162() + 5 (s () nezm)} >y, (324)
where

1 1
y=1-40-n)1 -1 -5 %F(l, 1,207 + 1;5).
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