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Abstract 

In this paper, we investigate several generalized subclasses of multivalent  

Analytic functions with negative coefficients defined by a linear operator. Sharp coefficients 

estimates are obtained and  distortion results are established for functions belonging to the 

proposed classes. Furthermore, we determine the radii o close-to-convexity, starlikeness and 

convexity associated with these subclasses. Our results extend and unify several earlier works 

in the theory of multivalent functions and provide new insights into the geometric behavior of 

functions defined via linear operator. 
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 الملخص

المعاملات  ذات  التكافؤ  المتعددة  التحليلية  الدوال  المعممة من  الورقة دراسة بعض الأصناف  تتناول هذه 

فة بواسطة مؤثر خطي. حيث يتم اشتقاق تقديرات حادة لمعاملات هذه الدوال، وإثبات نتائج   السالبة والمعرَّ

أنصاف تحديد  يتم  كما  المقترحة.  الأصناف  ضمن  الهندسي  بتشوهها  القريب،   تتعلق  التحدب  أقطار 

من  لعدد  وتوحيداً  امتداداً  عليها  المتحصل  النتائج  وتعُد  الأصناف.  بهذه  المرتبطة  والتحدب  والنجومية، 

للدوال   الهندسي  السلوك  تقدم رؤى جديدة حول  التكافؤ، كما  المتعددة  الدوال  نظرية  السابقة في  الأعمال 

 المعرفة بواسطة مؤثرات خطية. 

https://journals.labjournal.ly/index.php/Jlabw/index
mailto:adrm1980@yahoo.com
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 الدوال التحليلية؛ الدوال المتعددة التكافؤ؛ المؤثر الخطي؛ المعاملات السالبة. الكلمات المفتاحية: 

1.Introduction 

Let  ℂ  be the complex plane and  ∝=  {ζ: ζ ∈ ℂ , |ζ| < 1}  be the open unit disc in ℂ . Also, let  

𝜒(∝) be the class of holomorphic functions in ∝  and 𝜒[𝑎, 𝑛]   be the subclass of  

𝜒(∝) consisting of functions of the form   

𝜑(ζ) = 𝑎 + 𝑎𝑛ζ𝑛 + 𝑎𝑛+1ζ𝑛+1 + ⋯ (𝑎 ∈ ℂ;  𝑛 ∈ ℕ = {1,2,3}) 

 

  

 

    The function 𝜑(ζ) ∈ 𝜒(∝)  is said to be 𝑝 −valent in ∝ if for each 𝜎 ∈∝, the 

equation 𝜑(ζ) = 𝜎 has at most (or exactly)  𝑝 roots in ∝. 

     Let ℋ(𝑝) denote the class of all functions the from:  

    𝜑(ζ) = ζ𝑝 + ∑ 𝑎𝑛+𝑝ζ𝑛+𝑝(𝑝 ∈ ℕ).                      

∞

𝑛=1

 

     Let 𝑇(𝑗, 𝑝) denote the subclass of ℋ(𝑝) consisting of all functions of the  

 following from 

     𝜑(ζ) = ζ𝑝 − ∑ 𝑎𝑘ζ𝑘∞
𝑘=𝑗+𝑝   (𝑎𝑘 ≥ 0; 𝑝, 𝑗 ∈ ℕ).                            (1.1) 

  Let (𝜑 ∗ 𝑔)(ζ) denote the Hadamard product (or convolution) of 𝜑(ζ) and 𝑔(ζ)  

defined by 

(𝜑 ∗ 𝑔)(ζ) = (𝑔 ∗ 𝜑)(ζ) = ζ𝑝 + ∑  𝑎𝑛

∞

𝑛=𝑗+𝑝

𝑏𝑛ζ𝑛. 

Definition 1.1. [4,14]    

  The Pochhammer symbol or (the shifted factorial), which is denoted by ( 𝜆)𝑘 is 

defined (in terms of Gamma function Γ ) by 

(𝜆)𝑘 =
Γ(𝜆 + 𝑘)

Γ(𝜆)
= {

1                                                       ; 𝑘 = 0
𝜆(𝜆 + 1)(𝜆 + 2) … (𝜆 + 𝑘 − 1);  𝑘 ∈ ℕ

 

Definition 1.2. [19]    

     For 𝑓 ∈ 𝑇(𝑗, 𝑝),   𝑎, 𝑐 ∈ ℝ ∖ ℤ0
−  and  𝑝 ∈ ℕ,  the linear operator   

define as follows: 

                                 𝐿𝑝,𝑗(𝑎, 𝑐)𝜑(ζ) = ζ𝑝 − ∑
(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝

∞

𝑘=𝑗+𝑝

𝑎𝑘ζ𝑘.                    (1.2) 

From (1.2), we deduce that:   

    𝑧(𝐿𝑝,𝑗(𝑎, 𝑐)𝜑(ζ))′ = 𝑎𝐿𝑝,𝑗(𝑎 + 1, 𝑐)𝜑(ζ) − (𝑎 − 𝑝)𝐿𝑝,𝑗(𝑎, 𝑐)𝜑(ζ)       (1.3) 

 We also note that:  

(i)   𝐿𝑝,𝑗(𝑝 + 1, 𝑝)𝜑(ζ) =
𝜁𝜑′(𝜁)

𝑝
,  

(ii) 𝐿𝑝,𝑗(𝜆 + 𝑝, 1)𝜑(ζ) = 𝐷𝜆+𝑝−1𝜑(ζ), 𝑛 ∈ ℕ, 𝑛 > −𝑝,  
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Where 𝐷𝜆+𝑝−1 the generalized Ruscheweyh derivative (see [25]).  

(iii) 𝐿𝑝,𝜆(𝜆 + 𝑝, 𝜆 + 𝑝 + 1)𝜑(ζ) = 𝐽𝑝,𝜆𝜑(ζ) =
𝜆+𝑝

𝑧𝜆 ∫ 𝑡𝜆−1𝜁

0
𝜑(t)𝑑𝑡, 𝜆 − 𝑝 where   

𝐽𝑝,𝜆 the generalized Libera integral operator (see [21])  

 

Definition 1.3.[11] 

  A function 𝜑(ζ) belonging to 𝑇(𝑗, 𝑝) is in the class 𝑇(𝑗, 𝑝, 𝛼, 𝛿) iff 

 𝑅𝑒 (
𝑧(𝐿𝑝,𝑗(𝑎, 𝑐)𝑓)

′
+ 𝛿𝑧2(𝐿𝑝,𝑗(𝑎, 𝑐)𝑓)

′′

(1 − 𝛿)𝐿𝑝,𝑗(𝑎, 𝑐)𝑓 + 𝛿𝑧(𝐿𝑝,𝑗(𝑎, 𝑐)𝑓)
′) > 𝛼                 (1.4) 

we note that: 

(i)  When 𝛿 = 0, we have  

𝑅𝑒 (
𝜁(𝐿𝑝,𝑗(𝑎, 𝑐)𝜑(ζ))

′

𝐿𝑝,𝑗(𝑎, 𝑐)𝜑(ζ)
) > 𝛼 

which is the class of starlike of order 𝛼. 

(ii)  When 𝛿 = 0, 𝑎 = 𝑝 + 1, 𝑐 = 1 , we 1have the class 

𝑅𝑒 (
𝑧𝜑(ζ)′

𝜑(ζ)
) > 𝛼; 0 ≤ 𝛼 < 𝑃 

which is the class of starlike functions of order 𝛼 studied by Owa[30] and  

Yamakawa [23]  

 

(iii) When 𝛿 = 1, we have 

𝑅𝑒 (1 +
𝜁(𝐿𝑝,𝑗(𝑎, 𝑐)𝜑(ζ))

′′

(𝐿𝑝,𝑗(𝑎, 𝑐)𝜑(ζ))
′ ) > 𝛼                          0 ≤ 𝛼 ≤ 𝑝 

which is the class of convex operator of order 𝛼. 

(iv) When 𝛿 = 1, 𝑎 = 𝑝 + 1, 𝑐 = 1 we have 

𝑅𝑒 (1 +
𝜁𝜑′′(𝜁)

𝜑′(𝜁)
) > 𝛼; (0 ≤ 𝛼 < 𝑝) 

which is the class of convex functions of order 𝛼 studied by Owa [26] and Yamakawa [19] 

 

 

2. Coefficient Estimates. 

Theorem 2.1. 

      Let the function 𝜑 defined by (1.1) Then 𝜑 ∈ 𝑇(𝑗, 𝑝, 𝛼, 𝛿) iff 

 ∑
(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝

∞

𝑘=𝑗+𝑝

(𝑘 − 𝛼)[1 + 𝛿(𝑘 − 1)]𝑎𝑘 ≤ (𝑝 − 𝛼)[1 + 𝛿(𝑝 − 1)]     (2.1)  

Proof:   

     Assume that the inequality (2.1) holds. 

Then we have 
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(𝑗 + 𝑝 − 𝛼) ∑
(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝

∞

𝑘=𝑗+𝑝

[(1 + 𝛿(𝑘 − 1))]𝑎𝑘                                                                  

≤ ∑
(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝

∞

𝑘=𝑗+𝑝

(𝑘 − 𝛼)[(1 + 𝛿(𝑘 − 1))]𝑎𝑘 ≤ (𝑝 − 𝛼)[1 + 𝛿(𝑝 − 1)] 

that is, that  

∑
(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝

∞

𝑘=𝑗+𝑝

[(1 + 𝛿(𝑘 − 1))]𝑎𝑘 ≤
(𝑝 − 𝛼)[1 + 𝛿(𝑝 − 1)]

(𝑗 + 𝑝 − 𝛼)
 

|[1 + 𝛿(𝑝 − 1)] − ∑
(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝

∞

𝑘=𝑗+𝑝

[(1 + 𝛿(𝑘 − 1))]𝑎𝑘𝑧𝑘−𝑝| 

≥ [1 + 𝛿(𝑝 − 1)] − ∑
(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝

∞

𝑘=𝑗+𝑝

[(1 + 𝛿(𝑘 − 1))]𝑎𝑘|𝑧|𝑘−𝑝 

≥ [1 + 𝛿(𝑝 − 1)] + ∑
(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝

∞

𝑘=𝑗+𝑝

[(1 + 𝛿(𝑘 − 1))]𝑎𝑘 

≥
𝑗[1 + 𝛿(𝑝 − 1)]

𝑗 + 𝑝 − 𝛼
> 0. 

Then we find that 

|
𝜁(𝐿𝑝,𝑗(𝑎, 𝑐)𝜑)

′
+ 𝛿𝜁2(𝐿𝑝,𝑗(𝑎, 𝑐)𝜑)

′′

(1 − 𝛿)𝐿𝑝,𝑗(𝑎, 𝑐)𝜑 + 𝛿𝜁(𝐿𝑝,𝑗(𝑎, 𝑐)𝜑)
′ − 𝑝| ≤ 𝑝 − 𝛼 

this shows that values of the function 

𝜑(𝜁) = 

 
𝜁(𝐿𝑝,𝑗(𝑎,𝑐)𝜑)

′
+𝛿𝜁2(𝐿𝑝,𝑗(𝑎,𝑐)𝜑)

′′

(1−𝛿)𝐿𝑝,𝑗(𝑎,𝑐)𝜑+𝛿𝜁(𝐿𝑝,𝑗(𝑎,𝑐)𝜑)
′ =

𝜁(𝐿𝑝,𝑗(𝑎,𝑐)𝜑)
′
+𝛿𝜁2(𝐿𝑝,𝑗𝜑)

′′

(1−𝛿)𝐿𝑝,𝑗(𝑎,𝑐)𝜁+𝛿𝜁(𝐿𝑝,𝑗(𝑎,𝑐)𝜑)
′   (2.2) 

then  

                                                      𝑅𝑒(𝜎(𝜁)) > 𝛼                                                 (2.3) 

if  |𝜎 − 𝑝| ≤ 𝑝 − 𝛼 ⟹ 𝑅𝑒(𝜎) > 𝛼 .                                                   

   For some 𝛼(0 ≤ 𝛼 < 𝑝), some 𝛿(0 ≤ 𝛿 ≤ 1), 𝑝, 𝑗 ∈ ℕ, 𝑛 ∈ ℕ0 and 𝜁 ∈∝.  

Choose value of 𝜁 on real axis. 

So that 𝜎(𝜁) given in (2.2) is real. Upon clearing the denominator in (2.3)  

and letting 𝜁 → 𝑇 through real value, we can see that 

𝑝[1 + 𝛿(𝑝 − 1)] − ∑
(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝

∞

𝑘=𝑗+𝑝

𝑘[1 + 𝛿(𝑘 − 1)]𝑎𝑘 

≥ {[1 + 𝛿(𝑝 − 1)] − ∑
(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝

∞

𝑘=𝑗+𝑝

[1 + 𝛿(𝑘 − 1)]𝑎𝑘} 

thus we have the inequality (2.1). 
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Corollary 2.1. 

Let the function 𝑓(𝑧) defined by (1.1) be in the class T (j, 𝑝, 𝛼, 𝛿), then 

𝑎𝑘 ≤
(𝑝 − 𝛼)[1 + 𝛿(𝑝 − 1)]

(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝
(𝑘 − 𝛼)[1 + 𝛿(𝑘 − 1)]

   , (𝑘 ≥ 𝑝 + 𝑗, 𝑝, 𝑗 ∈ ℕ)   ( 2.4 ) 

the result is sharp for the function 𝑓(𝑧) given by  

𝑓(𝑧) = 𝑧𝑝 −
(𝑝 − 𝛼)[1 + 𝛿(𝑝 − 1)]

(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝
(𝑘 − 𝛼)[1 + 𝛿(𝑘 − 1)]

  (𝑘 ≥ 𝑗 + 𝑝, 𝑝, 𝑗 ∈ ℕ)     (  2.5  ) 

3. Distortion theorem. 

Theorem 3.1.  

    If a function 𝑓(𝑧) defined by (1.1) is in the class 𝑇(𝑗, 𝑝, 𝛼, 𝛿) then 

     {
𝑝!

(𝑝 − m)!
−  

(𝑝 − α)[1 + δ(𝑝 − 1)
(𝑎)𝑗

(𝑐)𝑗
(j + 𝑝 − α)[1 + δ(j + 𝑝 − 1)]

   |𝑧|𝑗} |𝑧|𝑝−𝑚     ( 3.1 ) 

                    ≤ |f 𝑚(𝑧)| ≤ {
𝑝!

(𝑝−m)!
+

(𝑝−α)[1+δ(𝑝−1)
(𝑎)𝑗

(𝑐)𝑗
(j+𝑝−α)[1+δ(j+𝑝−1)]

|𝑧|𝑗  } |𝑧|𝑝−𝑚   

The result is sharp for the function 𝑓(𝑧) given by 

                         𝑓(𝑧) = 𝑧𝑝 −
(𝑝 − 𝛼)[1 + 𝛿(𝑝 − 1)]

(𝑎)𝑗

(𝑐)𝑗
(𝑗 + 𝑝 − 𝛼)[1 + 𝛿(𝑗 + 𝑝 − 1)]

              ( 3.2 ) 

Proof. In view of Theorem 2.1, we have 

  

(𝑎)𝑗

(𝑐)𝑗
(𝑗+𝑝−𝛼)[1+𝛿(𝑗+𝑝−1)]

(𝑝−𝛼)[1+𝛿(𝑝−1)]
∑ 𝑘! 𝑎𝑘

∞
𝑘=𝑗+𝑝  

≤ ∑  

(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝
(𝑘 − 𝛼)[1 + 𝛿(𝑘 − 1)]

(𝑝 − 𝛼)[1 + 𝛿(𝑝 − 1)]
 𝑎𝑘

∞

𝑘=𝑗+𝑝
≤ 1 

which readily yields 

∑ 𝑘! 𝑎𝑘

∞

𝑘=𝑗+𝑝
≤ ∑  

(𝑝 − 𝛼)[1 + 𝛿(𝑝 − 1)]
(𝑎)𝑗

(𝑐)𝑗
(𝑗 + 𝑝 − 𝛼)[1 + 𝛿(𝑗 + 𝑝 − 1)]

  𝑎𝑘    

∞

𝑘=𝑗+𝑝
(3.3) 

now, by differentiating both sides of (1.1) m-times, we obtain 

            f 𝑚(𝑧) ≤
𝑝!

(𝑝 − m)!
𝑧𝑝−𝑚 − ∑

𝑘!

(𝑘 − m)!
𝑎𝑘 𝑧

𝑘−𝑚.               (3.4)
∞

𝑘=𝑗+𝑝
 

Theorem 3.1, follows from (3.3) and (3.4). 

Finally, it is easy to see that the bounds in (3.1) are at tained for function 𝑓(𝑧)    

given by (3.2). 

 

4. Radii of Close –to- convexity, starlikeness and Convexity . 

Theorem 4.1. Let the function 𝑓(𝑧) defined by (1.1) be in the class  
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𝑇(𝑗, 𝑝, 𝛼, 𝛿) then 

𝑖)  𝑓(𝑧) is 𝑝 -valently close-to–convex of order 𝜑(0 ≤ 𝜑 < 𝑝)𝑖𝑛  |𝑧| < 𝑟1,  

where 

𝑟1 = 𝑖𝑛𝑓𝑘 {

(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝
(𝑘−𝛼)[1+𝛿(𝑘−1)]

(𝑝−𝛼)[1+𝛿(𝑝−1)]
 (

𝑝−𝜑

𝑘
)}

1

𝑘−𝑝

, (𝑘 ≥ 𝑗 + 𝑝, 𝑝, 𝑗 ∈ ℕ)              (4.1) 

ii)   𝑓(𝑧) 𝑖𝑠 𝑝 − valentlly starlike of order  ∅(0 ≤ 𝜑 < 𝑝)  in |𝑧| < 𝑟2 , where   𝑟2 =

𝑖𝑛𝑓𝑘 {

(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝
(𝑘−𝛼)[1+𝛿(𝑘−1)]

(𝑝−𝛼)[1+𝛿(𝑝−1)]
 (

𝑝−𝜑

𝑘−𝜑
)}

1

𝑘−𝑝

, (𝑘 ≥ 𝑗 + 𝑝, 𝑝, 𝑗 ∈ ℕ)           (4.2) 

iii) 𝑓(𝑧) 𝑖𝑠 𝑝 −valentlly convex of order  ∅(0 ≤ 𝜑 < 𝑝) in |𝑧| < 𝑟3, where 

𝑟3 = 𝑖𝑛𝑓𝑘 {

(𝑎)𝑘−𝑝

(𝑐)𝑘−𝑝
(𝑘 − 𝛼)[1 + 𝛿(𝑘 − 1)]

(𝑝 − 𝛼)[1 + 𝛿(𝑝 − 1)]
.
𝑝(𝑝 − 𝜑)

𝑘(𝑘 − 𝜑)
}

1

𝑘−𝑝

, (𝑘 ≥ 𝑗 + 𝑝, 𝑗, 𝑝 ∈ ℕ)         (4.3) 

each of these results is sharp for the function𝑓(𝑧) given by (3.2) 

Proof. It is sufficient to show that  

     |
𝑓′(𝑧) 

𝑧𝑝−1
− 𝜑| ≤ 𝑝 − 𝜑(|𝑧| < 𝑟1; 0 ≤ 𝜑 < 𝑝, 𝑝 ∈ ℕ),                                ( 4.4 ) 

      |
𝑧𝑓′(𝑧) 

𝑓(𝑧)
− 𝑝| ≤ 𝑝 − 𝜑(|𝑧| < 𝑟2; 0 ≤ 𝜑 < 𝑝, 𝑝 ∈ ℕ),                            ( 4.5 ) 

      and 

|1 +
𝑧𝑓𝑛(𝑧)

𝑓′(𝑧)
− 𝑝| ≤ 𝑝 − 𝜑(|𝑧| < 𝑟3 ; 0 ≤ 𝜑 < 𝑝, 𝑝 ∈ ℕ),                     ( 4.6 ) 

for a function 𝑓(𝑧) ∈ 𝑇(𝑗, 𝑝, 𝛼, 𝛿)where 𝑟1,𝑟2and 𝑟3are defined by (4.1) – 

 (4.3) respectively. The details involved are fairly straightforward and may 

 omitted. 

 

Conclusions and Recommendations 

     This part presents some conclusion derived from the conduct of the study of 

Subordination properties for certain subclasses analytic functions and discued  

Certain subclasses of multivalent functions with negative coefficients. It also 

 provides some recommendations that can be followed when expanding the stuy. 

 

Conclusions 

      From our modest study, we conclude the following: 

We recommended by study Ruscheweyh operator with p-valent functions. 

 Catas operator with meromorphic functions and results of this study.  

We recommended the study the linear operator 𝐿𝑝,𝑗(𝑎, 𝑐) associated with 

meromorphic functions. 

 

Recommendations for future work 

• In future work, we recommend studying the same subject, but using 

 other operators not previously studied in the same study. 
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• Since the study dealt with some certain classes of analytic functions, 

 

other large scale certain classes should be considered 

 
References 

[1]  A. Catas, On certain classes of p-valent functions defined by multiplitier  

      Transformations, in Proc. Book of the Intenational Symposium on Geome- 

      tric Functions Theory and Applications, Istanbul, Turkey, (August 2007), 

      241-250. 

[2]   A. R. Ahmed and Z. H. Omer, About New class 0f Univalent starlike 

        functions involving Ruscheweyh operator, Sebha University., Vol.2(2021), 

        155-156. 

[3] A. R. Ahmed, Some Applications of Catas Operator to P-valent Starlike  

      functions, Surman Journal., Vol6, (2024), 401-410. 

[4]   A. R. S. Juma and F. S. Aziz, Some subordination and superordination 

       results for the generalized hypergeometric function associated with  

       Ruscheweyh derivative, Le Matematiche, Vol. LXIX (2014)-Fasc. II, 17-29. 

 [5] A. W. Goodman, On the Schwarz-Christoffel transformation and p-valent 

       functions, Trans. Amer. Math. Soc., 68 (1950), 204-223 

[6] A. W. Goodman, Univalent functions, Vol. I, II, Mariner, Tampa, Florida 

       (1983).  

[7]   A. W. Goodman, Univalent functions, vol.II, Polygonal Publishing House, 

       Washington, N. J., 1983. 

[8]   D. A. Patel and N. K. Thakare, On convex hulls and extreme points of  

        p-valent starlike and convex classes with applications, Bull. Soc. Sci.  

        Math.Roum., 27 (1983), 145-160. 

 [9]   D. K. Thomas, N. Tuneski and A. Vasudevarao, Univalent functions: a 

        Primer (Vol. 69). Walter de Gruyter GmbH and Co KG, (2018). 

[10]   E. A. Elrifai, H. E. Darwish and A. R. Ahmed, Some Applications of Sriv- 

       astava-Attiya Operator to p-Valent Starlike Functions, Applied Mathematics           

       Letters. 25(2010).   

[11] E. A. Elrifai, H. E. Darwish and A. R. Ahmed, On certain subclasses of  

        Meromorphic functions associated with certain differential operators, 

        Applied Mathematics Letters. 2 (2011) 1225-1235. 

[12]   H. Orhan and H. Kiziltunc, A generalization on subfamily of p-valent  

        functions with negative coefficients, Appl. Math. Comput., 155(2004), 

         521- 530.  

[13]   I. S. Jack, "Functions starlike and convex of order α,”Journal of the 

          London Mathematical Society, vol. 3, 1971, 469-474. 

[14]   J. L. Liu and H. M. Srivastava, Classes of meromorphically multivalent 

          Functions associated with the generalized hypergeometric function, Math.  

          Comput. Modelling, 39(2004), 21-34. 

[15] J. W. Alexander, Functions which map the interior of the unit circle upon  

          Simple regions, Ann. Math., 17(1915-1916),12-22. 

[16]   M. Acu, S. Owa, Note on a class of strlike functions, 2007, 1-10. 

[17]  M. K. Aouf, "On a class of p-valent close-to-convex functions of order β  

         and α,” International Journal of Mathematics and Mathematical Sciences, 



Journal of Libyan Academy Bani Walid 2026 
 

 

J o u r n a l  o f  L i b y a n  A c a d e m y  B a n i  W a l i d  Page 277 

         vol. 11, 1988, 259-266. 

[18] P. Eenigenburg, S. Miller, P. Mocanu and M. Reade, "On a Biriot-Bouquet  

         differential subordination," General Inequalities 3, International series of 

        Numerical Mathematics, Vol. 64, BirkhauserVerlag Basel (1983), 339-348. 

[19] P. L. Duren, Univalent functions, Grundlehren der Mathematischen 

         Wissenschaften, 259, Springer-Verlag, New York, Berlin, Heidelberg and 

          Tokyo, (1983). 

[20] R. J. Libera, "Some radius of convexity problems,”Duke Mathematical 

       Journal, vol. 31, no. 1, 1964, 143-158. 

 [21] R. J. Libera, some classes of regular univalent functions, Proc. Amer. 

         Math. Soc., 16(1965), 653-758. 

[22] R. J. Libera, "Some class of regular univalent functions,”Proceeding of  

         the American Mathematical Society, vol. 16, 1978, 755-758. 

[23] R. Yamakawa, “Certain Subclasses of p-Valently Starlike Functions with 

        Negative Coefficients,” In: H. M. Srivas- tava and S. Owa, Eds., Current  

       Topics in Analytic Function Theory, World Scientific Publishing Company, 

        Singapore, 1992, 393-402. 

[24] S. D. Bernardi, "Convex and starlike univalent functions,”Transactions 

        of the American Mathematical Society, vol. 135, pp. 429-446, 1969. 

[25] S. Ruscheweyh., New criteria for univalent functions, Proc. Amer. Math. 

         Soc., 49(1975), no. 1, 109-115. 

[26] S. S. Miller and P. T. Mocanu, "Second-order differential inequalities in 

         thecomplex plane,”Journal of Mathematical Analysis and Applications, 

         vol. 65, no. 2, 1978, 289-305. 

[27] S.S. Miller and P.T. Mocanu, "Differential subordination and univalent  

         functions," Mich. Math. 28(1981), 157-171. 

[28] S.S. Miller, P.T. Mocanu, Differential subordinations: theory and 

         applications, in: series on monographs and textbooks in Pure and Applied 

         Mathematics, Vol. 225, Marcel Dekker, New York and Basel, (2000). 

[29] S. Owa, On certain classes of p-valent functions with negative 

        coefficients, Simon Stevin, 59(1985), no. 4, 385-402. 

[30] S. Owa, “The Quasi-Hadamard Products of Certain Analytic Functions,”  

        In: H. M. Srivastava and S. Owa, Eds., Current Topics in Analytic Function 

        Theory, World Scientific Publishing Company, Singapore, 1992, 234- 251. 

[31] Z. Nehari, Conformal Mapping, McGraw-Hill, New York, 1952. 

 
Compliance with ethical standards 

Disclosure of conflict of interest 

The authors declare that they have no conflict of interest. 

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of 

the individual author(s) and contributor(s) and not of JLABW and/or the editor(s). JLABW and/or the editor(s) 

disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions, or 

products referred to in the content. 

 


