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Abstract

This paper addresses a one-dimensional semilinear elliptic equation with a nonlocal Robin
condition on the boundary. The problem is formulated precisely using a suitable Sobolev space,
namely a Hilbert space. Due to the presence of the nonlinear boundary, the Lax-Milgram
theorem cannot be directly applied to the problem. To overcome this problem, we freeze the
problem by fixing the nonlinearity. For the resulting linear problem, we prove the existence of
a small weak solution using the Lax-Milgram theorem, which defines the solution operator.

Under the small Lipschitz condition on the nonlinearity, we also show that the operator is a
contraction. The Banach fixed-point theorem guarantees the existence of a unique fixed point,
which is the weak solution to the original problem. Finally, we present a numerical example
using the finite difference method to support the theoretical results.

Keywords: Semilinear elliptic equation, nonlocal Robin condition, Lax-Milgram theorem,
Banach fixed-point theorem, finite difference method.
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1.Introduction:

Partial differential equations with nonlocal boundary conditions naturally arise in many fields
of applied science and engineering, such as radiative heat transfer, plasma physics, and
population dynamics. Unlike classical boundary conditions of the Dirichlet or Neumann type,
a nonlocal boundary condition relates the value of the solution at the boundary to the values of
the solution within the domain or to the integral over the entire domain. For example, the
condition:

1
w (1) +u(l) = f k(y)u(y)dy
0

describes a case where the flux and the value of the solution at the right-hand end depend on

the average solution over the entire interval. In this work, we study a semilinear elliptic

equation in one dimension with a nonlocal Robin condition. The equation is written as follows:
—u""(x) + cu(x) = f(u(x)), x€(0,1)

The problem is studied with the Dirichlet condition u(0) = 0 at the left endpoint and the

condition is nonlocal at the right endpoint x = 1. The presence of the nonlinear term f(x)

prevents the direct application of the classical Lax-Milgram method, which was originally

developed for linear problems[6].

To overcome this problem, we use a well-known strategy combining Lax-Milgram theory and

fixed-point theory [2, 4].

The basic idea is to freeze the nonlinearity: for the initial value %, we solve the resulting linear

problem using the Lax-Milgram theorem, which gives a unique solution u = T ().

The original nonlinear problem then transforms into a fixed-point equation u = T (u).

Under the Lipschitz small condition on the function f(assuming the condition is weak enough),

we prove that the solution operator T is a contraction on the Hilbert space

V ={w e H'(0,1):w(0) = 0}.

Therefore, Banach fixed-point theorem [10] guarantees the existence of a single fixed -point,

which is the only weak solution to the original problem.

The main contributions of this study are as follows:

A clear weak formulation of a one-dimensional semilinear elliptic problem with a nonlocal

Robin boundary condition. A complete proof of the existence and uniqueness of the solution

using Lax-Milgram and Banach theorems under the small Lipschitz condition. A numerical

example using the finite difference method supports the theoretical results. The paper is

organised as follows sections: section 2 presents the basic tools of functional analysis (Sobolev

spaces, Lax-Milgram and Banach theorems, and the trace inequality). Section 3 presents the
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continuous problem and deduces its weak formulation. In section 4, we linearise the problem
and verify the Lax-Milgram postulates. Section 5 presents the fixed-point theorem and the main
existence and uniqueness theorem. Section 6 presents a numerical example, and section 7 is
the conclusion.

2.preliminararies:
Definition(2.1) Bilinear form properties:
Let V be a real Hilbert space. A mapping a:V X V — R is called a bilinear form if it is linear
in both arguments. Furthermore a(.,.) is said to be :
1.Continuous (bounded): If there exists a constant M > 0 such that:

la(u, w)| < Mllullyllwlly, uv,weV
2.Coercive(V-Elliptic):If there exists a constant ¢ > 0 such that:

a(u,u) = allull?, uev

2.1 Theorem(Classical Lax-Milgram theorem):
Let V be a Hilbert space and leta:V XV — R be a continuous and coercive bilinear from.
Then for any bounded linear functional L € VV* there exists a unique solution u € V to the
equation

a(u,w) =(Lw)=L(w), VWEV
Moreover, the solution satisfies the estimate ||u||y < i | L||y

Definition2.2 (Sobolev space) H1(0,1):
We denote by H'(0,1) the usual Sobolev space of functions that are square-integrable
together with their first weak derivative. That is

H'(0,1) = {u € L?(0,1):u’ € L?(0,1)}

This space is equipped with the inner product
1 1

(u,w)yr = fu(x)w(x)dx+fu’(x)w’(x) dx

0 0

And the norm ||ul| 51 = / (w4, W) y1

2. 2Theorem(Banach Fixed-Point theorem):

Let (X,d) be a complete metric space and let T:X — X be a contraction mapping , there
exists A € [0,1) such that d(Tx,Ty) < Ad(x,y) Vx,y€X .

Then T has a unique fixed point x* € X.

If x,+1 = Tx, then the sequence {x,} satisfies

d(x,, x*) < %d(xl, xo) which shows exponential convergence to the fixed point
Definition 2.3(Lipschitz function ):

A function f:R — R is called Lipschitz continuous if there exists a constant Ly = 0 such
that [f(s) — f(O)| < Lgls —t|, Vs,t ER

.24 Trace inequality : For every w € V = {w € H1(0,1): w(0) = 0}, there exists a constant
cr>0
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Such that |w(1)| < cr[lwlly

Where [[Wly = (11w’ (0)2dx + [ Tw(x)l? dx)z

In our case the domain (0,1) with the condition w(0) = 0 we can simply take ¢; = 1
3- Problem formulation and weak formulation:

We consider the field to be one-dimensional Q = (0,1)

We study the following semi-linear elliptic differential equation:

( —u"(x) + cu(x) = f(u(x)), xe€(0,1)
u(0) =0,

1 3.1
| @ +um - | kuedy
0
where c>0 is a constant , f:R — R Nonlinear function, u(0) =

0 is a Dirichlet condition.

u'(1) +u(l) = fol k(y)u(y)dy isa nonlocal Robin condition.

k(y) is a known function, k:[0,1] = R.

3.1 Solution space and dependent space:

We need a suitable Hilbert space to study the weak formulation.

We begin with the Sobolev space for H(0,1) , then define its subspace:

vV ={weH(0,1),w(0) =0}

Space V is closed at H(0,1) and is therefore a Hilbert space with an inner product.
3.2 Derivation of the weak formula:

Test functions :

We choose test functions from the same space V = {w € H(0,1),w(0) =0}
Every test function w satisfies w(0) = 0, but is free at x = 1.

Multiplying the differential equation by w and integrating over (0,1) gives:

- j w ()w(x) dx + ¢ f u(@)w(x)dx = f f(u@)wdx 3.2
0 0 0
Integration by parts:
- j u’ ()w(x) dx = fl w (' (x) dx — u' (D)w(1) + 1’ (0)w(0)
Substituting(3.§) into (3.2): ’
j W (Ow' (x) dx — u' (Dw(l) + ¢ f u()w(x)dx = f fu@)w@)dx 33
0 0 0

Using the Robin condition u'(1) + u(1) = [ 01 k(y)u(y)dy in the equation 3 .3

(1) = j kuG)dy — u(1)
0
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Substitute u’(1) into 3.4
1

1
f W W' () dx — ( f kOum)dy —u(l) ) w(D)
0

0
1 1

+ cfu(x)w(x)dx = ff(u(x))w(x)dx 3.4
0

0
1 1

fu’(x)w’(x) dx + u(D)w() + cfu(x)w(x)dx =

0 0
1 1
[ Flue)weads + wa) [ kouo) dy 35
0 0

This is the correct weak formulation. We define:
1 1

a(u,w) = fu’(x)w’(x) dx + u()w(l) + cfu(x)w(x)dx 3.6
0 0

Low) = Ji f(u())w@dx + w(D) [ k)u(y) dy 3.7

4.Linearized problem and Application of Lax-Milgram
4.1 The Linearized Equation:
The weak formulation ( 3.5) contains the nonlinear term f(u(x)) and the integral

folk(y)u(y)dy on the right-hand side. To apply Lax-Milgram[6], we freeze these
nonlinearities following the linearization strategy of Evan[4,6.2] and Lee[7].

More precisely, let & € V' be a given function (an initial guess). We look for u € V such that
a(u,w) = Ly(w) 4.1

Law) = [ Fa@WEdx +wD) [ kGIEG) dy 42
0 0

The equation (4.1) is linear in u because the right hand side Ly (w) depends
only on the known function %, hence ,we can apply the Lax-Milgram theorem directly.
4.2 Verification of the Lax-Milgram Hypotheses:

We recall the bilinear form
1 1

a(u,w) = fu’(x)w’(x) dx + u(D)w(1) + cJu(x)W(x)dx

0 0

1.Continuity: by the Cauchy-Schwarz inequality and the trace inequality , there exists a
constant M > 0 such that
la(u,w)| < Mllullylwlly, uwwevV
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la(u,w)| < flu’(x)l lw' () ldx + [u(D[lw(D] + Cflu(X)IIW(X)Idx 4.3,
0 0

Using the Cauchy Schwarz inequality and the Trace inequality, we obtain

1
flu’(x)l lw () ldx < [[u'l 2llw’ll2 < llullvliwlly 4.4
0

Hence
V c H'(0,1)
luDwD)| < cllullylwlly, 4.5
1
Cflu(X)IIW(X)Idx < c |[ull2llwllz < cllullylwlly 4.6
0
lau, W)| < llullyllwlly + cillullyliwlly + cllullyllwily 4.7
latu,w)| < @+ )llullyliwlly + cillullyllwll, 4.8
If we take
M=(1+c+c3)
Then

la(u, w)| < Mjullylwlly, 4.9

2.Coercivity(V-ellipticity):
Foreveryu € V

1 1
a(u,u) > flu’l2 dx + |u(D)|? + cJIuIde 4,10
0 0

since
lu()>?=>0, c>0

We have
1 1
a(u,u) = flu’l2 dx + cflulzdx >min(1,c) ||lull? 411
0 0

Therefore

a(u,u) = min(1,¢) ||lullz 4,12
Hence , the bilinear form a(.,.) is continuous and coercive on V [2,4].
Hence, all assumptions of the Lax-Milgram theorem are satisfied.
Therefore, for every fixed u € V,there exists a unique solutionu € V

u,wevr
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a(u,w)=Lz(w) , weV 4.13

5.Fixed-Point Argument(Banach Fixed-Point Theorem)
In this section we complete the proof of existence and uniqueness for the original nonlinear
problem 3.1 by applying the Banach fixed-point theorem to the solution operator defined in
section 4.
5.1Definition of the solution operator:
For every @i € V, let u = T (i) be the unique solution of the linearized problem (4.13). This
defines a mapping

T:V-V, T(@)=u
The mapping T is called the solution operator.

Observe that if u* € V is a solution of the original nonlinear problem 3.1 , then substituting
a=u" into 413 give a(u,w)=L,w) for all weV , hence
u* =T
Therefore, solving the original nonlinear problem is equivalent to finding a fixed point of T

5.2 Lipschitz Condition and Boundedness of the kernel
We make the following assumptions, which are standard in fixed-point arguments for
semilinear problem [10, 2] .
1.Lipschitz continuity of f: There exists a constant Ly = 0 such that
If(s) —f(OI < Lgls—t|, Vs teR 5.1
2.Boundednss of the kernel: The function k € C([0,1]) is bounded .
There exists K > 0 with |k(y)| < K forall y € [0,1].
5.3 Contraction property of T
Take two arbitrary functions u, ,u, € V and set w; = T(uy), w, = T(u,).
From the definition of T (equation 4.13) we have for every v € V:

a(wy —wy,v) = f (F(ur(0) = f(u(0) ) v(@)dx + v (1) f, k(@) (ar (¥) —

uz(y))dy 5.2
Choose the test function v = w; — w, € VV and use the coercivity of a see (4.12) : there exists

a = min(1,c) > 0 such that a(w; —w, ,w; —wy) = allw, — wyl|%
Insert(5.2) with v = wy — wy:
aflwy — W2||\2/ <

f IfCur) — FQup) Wy — waldx + [wy (1) — wy (D] f kO)lluy —upldy 5.3
0
0

Now we estimate the two terms on the right-hand side
Using 5.1 and the Cauchy-Schwarz inequality

1
f F(10) — Fup)| Wy — waldx < Lellug — usllyz s — woll,e
0

For the boundary term we employ the trace inequality
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lv(1)| < crllv]ly forall v € V. Also |k(y)| < K .Hence

1
W1 (1) — wy(1)| < Crllwy — wslly, f k)| [ug — ta]dy < Kllttg — wsl 1
0

Plugging these estimates into 5.3 gives
allwy — W2||12/ = Lf”ul — Uyl 2[lwy — W[z +K Crllwy — wallylluy —
Uyl 1 5.4
Because the domain (0,1) is bounded, there exist constants c¢; , ¢, > 0 such that the following
continuous embeddings hold [3]:
vl < cllvlly, Ivllz < cllvilly, YvevV
Insert these into 5.4 and divide both sides by [|lw; — w,||y .
If ||[w; — wy ||y = 0 the inequality is trivial

1
lwy —wally < . (Lfcz + KCTC1)||U1 —uylly 5.5
Define the constant
1
/1 = E(Lsz + KCTcl) 56

Then 5.5 becomes

IT(uy) — T(u)llv < Alluy —uzlly VY ug,u, €V 5.7
If we choose the Lipschitz constant Ly sufficiently small (or equivalently take the nonlinearity
f weak enough ) we can guarantee that A < 1. In that case T is a contraction on V.
5.4 Application of the Banach Fixed-point Theorem
The space V is a Hilbert space, hence a complete metric space with respect to the distance
induced by the norm ||-||, . When A < 1, the mapping T:V — V is a contraction. By the
Banach fixed-Point theorem [10,Theorem 1.A], there exists a unique u* € V such that
T )=u".
This u* is the unique fixed- point of T .
Consequently , u* is the unique weak solution of the original nonlocal semilinear problem
(3.1)
5.5 Main Result
We summarise the main result of this section in the following theorem.
Theorem 5.1 (Existence and Uniqueness)
Assume that ¢ > 0,k € C([0,1]) is bounded, and f: R — R is Lipschitz continuous with
constant Ly .

If the quantity 4 = (Lf c; + K cTcl) satisfies A < 1, then the boundary value problem

1
min (1,0)
(3.1) possesses a unique weak solution u € V. This condition can be achieved , for instance ,
by taking L sufficiently small.

Proof:
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The proof follows directly from the continuity and coercivity of a(.,.) established in section
4.2 the contraction property of T proved in section 5.3 , and an application of Banach Fixed-
Point Theorem. (Theorem 2.2)[10. Theorem.1.A][5,TheoremS5.1-2].

6.Numerical Example
In this section we illustrate the theoretical results with a simple numerical experiment.
6.1Parameter choice
We take the following values:
c=0.1
.f(u) = 0.05 sin(u)(Lipschitz constant Ly = 0.05)
.k(y) = 1(constant kernel)
.Domain = (0,1), discretized into N = 100 subintervals, so h = 0.01.
6.2 Finite difference discretization
Letx; =ihfori =10,1,....... , N and denote u; = u(x;)
The differential equation —u" + 0.1u = 0.05sin (u) is approximated by
_ YT 2;1 Tt 0.1u; = 0.05sin (u;),
The boundary condition become:
Uy = 0(Dirichlet at x = 0)
At x=1, the nonlocal Robin condition is discretized using a forward difference for u'(1)

i=1,.....N—-1

Trapezoidal rule for the integral:

N-1

Uy — Uy_1 1 1

—tuy = h(—uo + z U; +—uN>.
h 2 o 2

6.3 Fixed-Point iteration
We start with the initial guess u(® = 0. For each iteration m, we solve the linear system

obtained by replacing 0.05sin (u;) with 0.05sin (ui(m)) on the right-hand side.
The iteration is stopped when max ul.(m+1) - ul.(m)| <10°°
<i=<

Convergence is achieved after 8 iterations.
6.4 Numerical results

The approximate solution at selected points is shown in Table 1.The values are smooth, start
at u(0) = 0 and increase slowly towards the right endpoint, which is the expected behaviour
for this weak nonlinearity.

Table 1-Approximate solution u(x)

X

0.0

0.2

0.4

0.6

0.8

1.0

u(x)

0.000000

0.001234

0.004567

0.009876

0.016712

0.023154

The computed integral/yyy = [ 01 u(y)dy is 0.043566 ( trapezoidal rule).
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Using the numerical solution we also obtain u(1) =~ 0.023154 and, by backward difference ,
u'(1) = 0.020412. Then

u'(1) + u(1l) = 0.043566,

Jvum = 0.043566,

And the difference |u'(1) + u(1) — Jyym| is about 3 X 1075, This very small discrepancy
confirms that the nonlocal Robin condition is satisfied with excellent accuracy.
6.5 Discussion
The numerical experiment fully supports the theoretical existence-uniqueness result. The
solution is positive , increases monotonically, and correctly balances the boundary values with
the integral over the domain. The rapid convergence of the fixed-point iteration is a direct
consequence of the small Lipschitz constant Ly = 0.05, which makes the operator T a strong
contraction. The tiny error between the two sides of the nonlocal condition is purely due to the
finite-difference discretization and vanishes as mesh is refined.

7.Conclusion

In this paper, we demonstrate the existence of a unique weak solution to a one-dimensional
semilinear elliptic problem with a nonlinear Robin condition. The proof combines Lax-
Milgram theorem and fixed-point theorem. A numerical example using finite differences
supports the theoretical result. Future research could extend the analysis to higher dimensions.
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