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Abstract 

The purpose of the present paper, is making use of the principle of subordination between 

analytic functions, to introduce and systematically study new subclasses of analytic multivalent 

functions in the open unit disk 𝐸 , by means of the extended generalized derivative operator 

ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧). Also, inclusion properties of these subclasses of functions will be investigated. 

In addition, we will define the class of p-valent close-to-convex functions of order 𝛽 and type 

𝛼 , and the class of quasi- convex  functions,  and will prove their inclusion properties. 

 

Keywords: Analytic p-valent functions, Generalized derivative operator, Inclusion properties, 

Quasi- convex  Open unit disk. 

 الملخص

منهجية لفصول    ولدراسةالغاية من الورقة الحالية هو استخدام مبدأ التبعية بين الدوال التحليلية، لتعريف  

جزئية جديدة من دوال تحليلية متعددة التكافؤ في قرص الوحدة المفتوحة، باستعمال مؤثر تفاضلي معمم  

ℱ𝑝,𝜆1,𝜆2وموسع  
𝑚,𝑙,𝑛 𝑓(𝑧)   ،كذلك سوف نحقق خصائص الاحتواء لهذه الفصول الجزئية. بالإضافة لذلك ،

من الدوال شبه محدبة،   وفصل،   𝛼 والنوع 𝛽سوف نعرف فصل من دوال قريبة من التحدب من الرتبة   

 .خواص الاحتواء لها وسنبرهن

 

المفتاحية: الوحدة    الكلمات  قرص  محدبة،  شبه  دوال  التكافؤ،  متعددة  تحليلية  دوال  الاحتواء،  خواص 

 .المفتوح، مؤثر تفاضلي معمم

https://journals.labjournal.ly/index.php/Jlabw/index
mailto:salmaalmaghrabi1971@gmail.com


Journal of Libyan Academy Bani Walid 2026 
 

 

J o u r n a l  o f  L i b y a n  A c a d e m y  B a n i  W a l i d  Page 279 

1. Introduction and Preliminaries 

         Multivalent functions are a natural generalization of univalent functions and constitute 

an important branch of geometric function theory, a field of significant research interest. One 

of the most significant studies and applications of such functions was the introduction of new 

subclasses using generalized derivative operators and studies of their inclusion properties 

[6,8,21,28]. To establish the theoretical foundation of this topic, this study presents some 

important concepts in multivalent functions theory.                                                                                           

Consider 𝒜𝑝denote the class of analytic multivalent (p-valent) functions of the form:  

𝑓(𝑧) = 𝑧𝑝 + ∑ 𝑎𝑘𝑧
𝑘∞

𝑘=𝑝+1    ,     (𝑝 ∈ ℕ),                                               (1) 

in the open unit disk 𝐸 = {𝑧: 𝑧 ∈ ℂ, |𝑧| < 1}. Also,  

let 𝒮𝑝
∗(𝛼) denote the class of starlike p-valent functions of order 𝛼 , that defined by  

𝒮𝑝
∗(𝛼) = {𝑓(𝑧) ∈ 𝒜𝑝: ℛ𝑒 (

𝑧𝑓′(𝑧)

𝑓(𝑧)
) > 𝛼, 0 ≤ 𝛼 < 𝑝, 𝑧 ∈ 𝐸},                                  (2) 

this class introduced by Patil and Thakare [23], in particular 𝒮𝑝
∗(0) = 𝒮𝑝

∗the class of starlike 

p-valent functions in E, which defined by Goodman [15]. The class 𝒞𝑝(𝛼) of convex p-valent 

functions of order, is defined by 

𝒞𝑝(𝛼) = {𝑓(𝑧) ∈ 𝒜𝑝: ℛ𝑒 (1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) > 𝛼, 0 ≤ 𝛼 < 𝑝, 𝑧 ∈ 𝐸},                                 (3) 

this class introduced by Owa [22], in particular 𝒞𝑝(0) = 𝒞𝑝the class of convex p-valent 

functions in E, which defined by Goodman [15].  It follows from (2) and (3) that 

𝑓(𝑧) ∈ 𝒞𝑝(𝛼)     if and only if      
𝑧𝑓′(𝑧)

𝑝
∈  𝒮𝑝

∗(𝛼), (0 ≤ 𝛼 < 𝑝). 

 We denote by 𝒦𝑝(𝛼) for the class of p-valent close to convex order 𝛼 , which studies by 

Mishra and Sahu [20], defined by 

𝒦𝑝(𝛼) = {𝑓 ∈ 𝒜𝑝: ∃ convex function 𝑔(𝑧), ℛ𝑒 (
𝑓′(𝑧)

𝑔′(𝑧)
) > 𝛼, 0 ≤ 𝛼 < 𝑝, 𝑧 ∈ 𝐸}, 

Notice that, 𝒦𝑝(0) = 𝒦𝑝 the class of p-valent close to convex function in E. 

A function  𝑓 ∈ 𝒜𝑝  is said to be p-valent close –to- convex function of order 𝛽 and type 𝛼 if 

there exists a function 𝑔(𝑧) ∈  𝒮𝑝
∗(𝛼) such that 

ℛ𝑒 (
𝑧𝑓′(𝑧)

𝑔(𝑧)
) > 𝛽             (0 ≤ 𝛽, 𝛼 < 𝑝, 𝑧 ∈ 𝐸),                                                (4) 
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we denote for this class by 𝑅𝑝(𝛽, 𝛼), the class  𝑅𝑝(𝛽, 𝛼) was studied by Aouf [7]. We note 

that, 𝑅1(𝛽, 𝛼) = 𝒦1 (𝛽, 𝛼) was studied by Libera [16]. Furthermore,  a function 𝑓 ∈ 𝒜𝑝  is 

called quasi-convex of function of order 𝛽 and type 𝛼, if there exists a function   𝑔(𝑧) ∈

 𝒞𝑝(𝛼) such that 

ℛ𝑒 (
(𝑧𝑓′(𝑧))′

𝑔′(𝑧)
) > 𝛽             (0 ≤ 𝛽, 𝛼 < 𝑝, 𝑧 ∈ 𝐸) ,                                             (5) 

we denote for this class by 𝑅𝑝
∗(𝛽, 𝛼). From (4) and (5),  clearly 

𝑓(𝑧) ∈  𝑅𝑝
∗(𝛽, 𝛼)      if and only if      

𝑧𝑓′(𝑧)

𝑝
∈  𝑅𝑝(𝛽, 𝛼).                                       (6) 

If 𝑓 and 𝑔 are analytic functions in E, we say that 𝑓 is subordinate to 𝑔 , written 𝑓 ≺ 𝑔 if 

there exists a Schwarz function 𝑤 , which is analytic in E with 𝑤(0) = 0 and |𝑤(𝑧)| < 1 for 

all 𝑧 ∈ 𝐸such that 𝑓(𝑧) = 𝑔(𝑤(𝑧)), 𝑧 ∈ 𝐸 . Furthermore, if the function 𝑔 is univalent in E, 

then (see [10,19]) 

𝑓 ≺ 𝑔   if and only if    𝑓(0) = 𝑔(0)   and      𝑓(𝐸) ⊂ 𝑔(𝐸). 

Let 𝒬 be the class of functions 𝜙 which are analytic and univalent in E and for which 𝜙(𝐸)is 

convex with 𝜙(0) = 1and ℛ𝑒{𝜙(𝑧)} > 0, 𝑧 ∈ 𝐸. Making use the principle of subordination 

between analytic functions, we introduce the subclasses  𝒮𝑝
∗(𝛼;  𝜙), 𝒞𝑝(𝛼; 𝜙) and 

𝒦𝑝(𝛼, 𝛾; 𝜙, 𝜓) of the class 𝒜𝑝, 0 ≤ 𝛼, 𝛾 < 𝑝 (𝑝 ∈ ℕ) and 𝜙,𝜓 ∈ 𝒬, which are defined by 

𝒮𝑝
∗(𝛼; 𝜙) = {𝑓(𝑧) ∈ 𝒜𝑝 :  

1

𝑝−𝛼
(
𝑧𝑓′(𝑧)

𝑓(𝑧)
− 𝛼) ≺ 𝜙(𝑧),   𝑧 ∈ 𝐸},                                      (7) 

𝒞𝑝(𝛼; 𝜙) = {𝑓(𝑧) ∈ 𝒜𝑝:
1

𝑝−𝛼
(1 +

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
− 𝛼) ≺ 𝜙(𝑧),    𝑧 ∈ 𝐸}.                               (8) 

And 

𝒦𝑝(𝛼, 𝛾; 𝜙, 𝜓) = {𝑓 ∈ 𝒜𝑝: ∃  𝑔 ∈ 𝒮𝑝
∗(𝛼; 𝜙), 𝑠. 𝑡 

1

𝑝−𝛾
(
𝑧𝑓′(𝑧)

𝑔(𝑧)
− 𝛾) ≺ 𝜓(𝑧), 𝑧 ∈ 𝐸}. 

Notice that, from (7) and (8) we have 

𝑓(𝑧) ∈ 𝒞𝑝(𝛼; 𝜙)  if and only if   
𝑧𝑓′(𝑧)

𝑝
∈  𝒮𝑝

∗(𝛼; 𝜙), (0 ≤ 𝛼 < 𝑝). 

From these definitions, we can obtain some well-known subclasses by special choices of the 

functions 𝜙 and 𝜓. For example , we have 

𝒮𝑝
∗ (𝛼;

1+𝑧

1−𝑧
) = 𝒮𝑝

∗(𝛼),   𝒞𝑝 (𝛼;
1+𝑧

1−𝑧
) = 𝒞𝑝(𝛼)   and   𝒦𝑝 (0,0;

1+𝑧

1−𝑧
,
1+𝑧

1−𝑧
) = 𝒦𝑝. 
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One of the  methods used to define generalized differential operators is the concept of 

convolution, for two functions 𝑓(𝑧) given by (1) and 𝑔(𝑧) given by 

𝑔(𝑧) = 𝑧𝑝 + ∑ 𝑏𝑘𝑧
𝑘∞

𝑘=𝑝+1 ,      𝑧 ∈ 𝐸, 

the convolution is defined below 

(𝑓 ∗ 𝑔)(𝑧) =  𝑧𝑝 + ∑ 𝑎𝑘𝑏𝑘𝑧
𝑘∞

𝑘=𝑝+1 = (𝑔 ∗ 𝑓)(𝑧). 

Using the convolution, the authors [2], introduced new extended generalized derivative 

operator ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧) for a class 𝒜𝑝 as follows: 

let 𝑓(𝑧) ∈ 𝒜𝑝,  𝑚, 𝑛 ∈ ℕ0 = ℕ ∪ {0}, 𝑝 ∈ ℕ and 𝜆2 ≥ 𝜆1 ≥ 0 , 𝑙 ≥ 0. Consider 

𝜓(𝑧) =
𝑝−𝜆1+𝑙

𝑝+𝑙
(
𝑧

1−𝑧
) +

𝜆1𝑧

𝑝+𝑙
(
𝑧

1−𝑧
) ′, 

and suppose that 

𝜑𝑝,𝜆2
1 (𝑧) = 𝑧𝑝 + ∑

1

1+𝜆2(𝑘−𝑝)
𝑧𝑘∞

𝑘=𝑝+1 ,    

then 

ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧) = 𝜓(𝑧) ∗ ⋯ ∗ 𝜓(𝑧)⏟            

𝑡−𝑡𝑖𝑚𝑒𝑠,𝑡={0,1,2,….}

∗ 𝜑𝑝,𝜆2
1 (𝑧) ∗ 𝑓(𝑧) ∗ 𝑅𝜆,𝑝𝑓(𝑧), 

 

Where 𝑅𝜆,𝑝𝑓(𝑧) the Rusheweyh derivative operator. 

therefore 

ℱ𝑝,𝜆1,𝜆2
1,𝑙,𝑛 𝑓(𝑧)  =

𝑝−𝜆1+𝑙

𝑝+𝑙
(𝜑𝑝,𝜆2

1 (𝑧) ∗ 𝑓) +
𝜆1𝑧

𝑝+𝑙
(𝜑𝑝,𝜆2

1 (𝑧) ∗ 𝑓)′, 

ℱ𝑝,𝜆1,𝜆2
2,𝑙,𝑛 𝑓(𝑧)  = ℱ𝑝,𝜆1,𝜆2

𝑙,𝑛 (ℱ𝑝,𝜆1,𝜆2
1,𝑙,𝑛 𝑓(𝑧), 

⋮ 

           ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧)  = ℱ𝑝,𝜆1,𝜆2

1,𝑙,𝑛 (ℱ𝑝,𝜆1,𝜆2
𝑚−1,𝑙,𝑛𝑓(𝑧).      

Thus 
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ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧) = 𝑧𝑝 + ∑

(𝑝+𝜆1(𝑘−𝑝)+𝑙)
𝑚−1

(𝑝+𝑙)𝑚−1(1+𝜆2(𝑘−𝑝))
𝑚

∞
𝑘=𝑝+1  𝑐𝑝(𝑛, 𝑘) 𝑎𝑘𝑧

𝑘,                                      (9) 

where 

𝑐𝑝(𝑛, 𝑘) = (
𝑛 + 𝑘 − 1
𝑘 − 𝑝

) =
Γ(𝑘+𝑛)

(𝑘−𝑝)!Γ(𝑝+𝑛)
. 

Special cases of this operator includes: 

- ℱ1,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧) = 𝐼𝑚(𝜆1, 𝜆2, 𝑙, 𝑛)𝑓(𝑧),defined by Amer and Darus  [1].   

-  ℱ1,0,
𝑚+1,0,𝑛𝑓(𝑧) = 𝑅𝑛𝑓(𝑧), the Rusheweyh derivative operator [24]. 

-  ℱ𝑝,1,0
𝑚+1,0,0𝑓(𝑧) = 𝑆𝑛𝑓(𝑧), the Salagean derivative operator [26]. 

-  ℱ1,𝜆1,0
2,0,𝑛 𝑓(𝑧) = 𝑅𝜆

𝑛𝑓(𝑧), the  generalized Rusheweyh derivative operator [3]. 

- ℱ1,𝜆1,0
𝑚+1,0,0𝑓(𝑧) = 𝑆𝛽

𝑛𝑓(𝑧), the  generalized Salagean derivative operator 

   introduced by Al-oboudi [5]. 

- ℱ1,𝜆1,0
𝑚,𝑙,𝑛𝑓(𝑧) = 𝐼𝑚(𝜆, 𝛽, 𝑙)𝑓(𝑧) the Catas derivative  operator [11]. 

- ℱ1,𝜆1,𝜆2
𝑚,0,𝑛 𝑓(𝑧) = 𝜇𝜆1,𝜆2

𝑛,𝑚 𝑓(𝑧),defined by AL-Abbad and Darus[4]. 

-  ℱ𝑝,1,0
𝑚+1,0,0𝑓(𝑧) = 𝑆𝑝

𝑛𝑓(𝑧), defined by Eker and Seker [14]. 

- ℱ𝑝,0,0
𝑚+1,0,𝑛𝑓(𝑧) = 𝑅𝜆,𝑝𝑓(𝑧), introduced by Raina and Srivastava [25]. 

-  ℱ𝑝,0,0
𝑚+1,0,𝑚+𝑝−1𝑓(𝑧) = 𝐷𝑛+𝑝−1𝑓(𝑧), defined by Kumar and  Shukla [27]. 

- ℱ𝑝,𝜆1,0
𝑚+1,0,0𝑓(𝑧) = 𝐷𝛿,𝑝

𝑛 𝑓(𝑧),introduced by Bulut [9].  

-  ℱ𝑝,𝜆1,0
𝑚,𝑙,0 𝑓(𝑧) = 𝐼𝑝

𝑛(𝜆, 𝑙)𝑓(𝑧),the catas extended multiplier transformation [12].   

It follows from (9) the  following relation: 

(𝑝 + 𝑙)ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑓(𝑧) = (𝑝 + 𝑙 − 𝜆1) (ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧) ∗ 𝜑𝑝,𝜆2
1 (𝑧)) + 𝜆1𝑧 (ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧) ∗

𝜑𝑝,𝜆2
1 (𝑧)) ′  .      (10)                                    
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Now, using the operator ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧), we introduce the new subclasses of p-valent 

analytic 𝒮𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝛼; 𝜙) , 𝒞𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼; 𝜙), 𝒦𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝛼, 𝛾; 𝜙, 𝜓)functions for 𝜙,𝜓 ∈ 𝒬 and   

𝑅𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝛽, 𝛼), 𝑅∗𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛
(𝛽, 𝛼): 

Definition 1.1 

For a function 𝑓(𝑧) ∈ 𝒜𝑝, we define the new subclasses of  𝒜𝑝 as  

𝒮𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝛼; 𝜙) = {𝑓(𝑧) ∈ 𝒜𝑝:  ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧) ∈ 𝒮𝑝
∗(𝛼; 𝜙),   𝑧 ∈ 𝐸},                                       (11) 

𝒞𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝛼; 𝜙) = {𝑓(𝑧) ∈ 𝒜𝑝: ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧) ∈ 𝒞𝑝(𝛼; 𝜙),    𝑧 ∈ 𝐸},                                       (12) 

𝒦𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝛼, 𝛾; 𝜙, 𝜓) = {𝑓(𝑧) ∈ 𝒜𝑝: ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧) ∈ 𝒦𝑝(𝛼, 𝛾; 𝜙, 𝜓),    𝑧 ∈ 𝐸} 

And  

𝑅𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝛽, 𝛼) = {𝑓(𝑧) ∈ 𝒜𝑝:  ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧) ∈ 𝑅𝑝(𝛽, 𝛼),   𝑧 ∈ 𝐸},                                        (13)  

𝑅∗𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛

(𝛽, 𝛼) = {𝑓(𝑧) ∈ 𝒜𝑝:  ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧) ∈ 𝑅𝑝

∗(𝛽, 𝛼),   𝑧 ∈ 𝐸}.                                       

(14) 

Clearly , from (11) and (12) we have 

𝑓(𝑧) ∈ 𝒞𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝛼; 𝜙)    if and only if    

𝑧𝑓′(𝑧)

𝑝
∈ 𝒮𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼; 𝜙).      

And, from (6) , (13) and (14), we conclude that 

𝑓(𝑧) ∈ 𝑅∗
𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛽, 𝛼)   if and only if    
𝑧𝑓′(𝑧)

𝑝
∈ 𝑅𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛽, 𝛼).                                    (15) 

For the purpose of proving our results, we shall make use of the following known results: 

Lemma 1.[13] Let 𝜙 be convex univalent in E with 𝜙(0) = 1and ℛ𝑒{𝑢𝜙(𝑧) + 𝑣} > 0 for 

𝑢, 𝑣 ∈ ℂ. if 𝑝(𝑧) is analytic in E with 𝑝(0) = 1 , then  

𝑝(𝑧) +
𝑧+𝑝′(𝑧)

𝑢 𝑝(𝑧)+𝑣
≺ 𝜙(𝑧)    (𝑧 ∈ 𝐸), 

implies that  

𝑝(𝑧) ≺ 𝜙(𝑧),    (𝑧 ∈ 𝐸) 

(Eenigenbury, Miller, Mocanu& Reade, 1983). 
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Lemma 2. [19] Let 𝜙 be convex univalent in E and 𝑤(𝑧) be analytic in E with ℛ𝑒{𝑤(𝑧)} >

0 . if 𝑝(𝑧) is analytic in E with 𝑝(0) = 𝜙(0) , then  

𝑝(𝑧) + 𝑤(𝑧) 𝑧𝑝′(𝑧) ≺ 𝜙(𝑧),    (𝑧 ∈ 𝐸), 

implies that  

𝑝(𝑧) ≺ 𝜙(𝑧),    (𝑧 ∈ 𝐸). 

(Miller, Mocanu& Reade, 1981). 

Lemma 3. [17] let 𝜛(𝑢, 𝜈) be a complex function 𝜛: 𝐷 →  ℂ, ⊂ ℂ × ℂ , and let 𝑢 = 𝑢1 +

𝑖𝑢2, 𝜈 = 𝜈1 + 𝑖𝜈2. Suppose that 𝜛 satisfies the following conditions: 

i. 𝜛(𝑢, 𝜈)is continuous in𝐷 . 

ii. (1,0) ∈ 𝐷and ℛ𝑒[𝜛(1,0)] > 0. 

iii. ℛ𝑒{𝜛(𝑖𝑢2, 𝜈1)} ≤ 0 for all(𝑖𝑢2, 𝜈1) ∈ 𝐷 such that 𝜈1 ≤ −
1

2
(1 + 𝑢2

2). 

  Let ℎ(𝑧) = 1 + 𝑐1𝑧 + 𝑐2𝑧 + ⋯ be analytic in 𝐸, such that(ℎ(𝑧), 𝑧ℎ(𝑧)) ∈ 𝐷 for all 𝑧 ∈ 𝐸. 

If ℛ𝑒{𝜛(ℎ(𝑧), 𝑧ℎ′(𝑧))} > 0,(𝑧 ∈ 𝐸) then ℛ𝑒[ℎ(𝑧)] > 0 for 𝑧 ∈ 𝐸.  

   

 2. Inclusion Properties Involving the Operator 𝓕𝒑,𝝀𝟏,𝝀𝟐
𝒎,𝒍,𝒏 𝒇(𝒛). 

Theorem 1. If 𝑓(𝑧) ∈ 𝒜𝑝and 𝑚, 𝑛 ∈ ℕ0, 𝜆2 ≥ 𝜆1 ≥ 0,  𝑙 ≥ 0, 𝑧 ∈ 𝐸. Then  

𝒮𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛼; 𝜙) ⊂ 𝒮𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼; 𝜙) , 0 ≤ 𝛼 < 𝑝, 𝑝 ∈ ℕ,   𝜙 ∈ 𝒬 

Proof: 

To show that 𝒮𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛼; 𝜙) ⊂ 𝒮𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼; 𝜙), consider 𝑓(𝑧) an arbitrary element of the 

class 𝒮𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛼; 𝜙), It suffices to prove that this element belongs to the class 𝒮𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼; 𝜙). 

Set  

𝑝(𝑧) =
1

𝑝−𝛼
[
𝑧(ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2
1 (𝑧))′

(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))
− 𝛼],                                                              (16) 

where 𝑝(𝑧) is analytic function in E,  with 𝑝(0) = 1. Using (10) in (16), we have 
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𝑝(𝑧) =
1

𝑝−𝛼
[
(
𝑝+𝑙

𝜆1
)ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧)−(
𝑝+𝑙−𝜆1
𝜆1

)(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))′

(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))
− 𝛼]. 

We immediately obtain 

(
𝑝+𝑙

𝜆1
)

ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑓(𝑧)

ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧)
= 𝑝(𝑧)(𝑝 − 𝛼) + (

𝑝+𝑙−𝜆1

𝜆1
) + 𝛼.                                          (17) 

Then, differentiating (17) logarithmically with respect to 𝑧 , we get   

Left side  

𝑙𝑜𝑔 {(
𝑝+𝑙

𝜆1
)

ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑓(𝑧)

ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧)
} =

ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧)

(
𝑝+𝑙

𝜆1
)ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧)
=  

[ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧)](
𝑝+𝑙

𝜆1
)[ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧)]
′
−(

𝑝+𝑙

𝜆1
)ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧)[ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧)]′

[ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧)]
2 . 

Thus  

𝑙𝑜𝑔 {(
𝑝 + 𝑙

𝜆1
)

ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑓(𝑧)

ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧) ∗ 𝜑𝑝,𝜆2

1 (𝑧)
} =

[ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑓(𝑧)]′

ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑓(𝑧)

−
[ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧) ∗ 𝜑𝑝,𝜆2
1 (𝑧)]′

ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧) ∗ 𝜑𝑝,𝜆2

1 (𝑧)
, 

and, right side  

𝑙𝑜𝑔 {𝑝(𝑧)(𝑝 − 𝛼) + (
𝑝+𝑙−𝜆1

𝜆1
) + 𝛼} =

𝑝′(𝑧)(𝑝−𝛼)

𝑝(𝑧)(𝑝−𝛼)+(
𝑝+𝑙−𝜆1
𝜆1

)+𝛼
. 

Now, by equalizing both sides and multiplying them by 𝑧,we have  

 

𝑧[ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑓(𝑧)]′

ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑓(𝑧)

−
𝑧[ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2
1 (𝑧)]′

ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧)
=

𝑧𝑝′(𝑧)(𝑝−𝛼)

𝑝(𝑧)(𝑝−𝛼)+(
𝑝+𝑙−𝜆1
𝜆1

)+𝛼
, 

1

(𝑝−𝛼)
{
𝑧[ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧)]′

ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑓(𝑧)

−
𝑧[ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2
1 (𝑧)]′

ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧)
} =

𝑧𝑝′(𝑧)

𝑝(𝑧)(𝑝−𝛼)+(
𝑝+𝑙−𝜆1
𝜆1

)+𝛼
  .                          (18) 

 Finally, using (16) in (18)we get  

1

(𝑝−𝛼)
{
𝑧[ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧)]′

ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑓(𝑧)

− 𝛼} = 𝑝(𝑧) +
𝑧𝑝′(𝑧)

𝑝(𝑧)(𝑝−𝛼)+(
𝑝+𝑙−𝜆1
𝜆1

)+𝛼
 .                                         (19) 
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Applying lemma 1 to (19), it follows that 𝑝(𝑧) ≺ 𝜙, that is,𝑓 ∈  𝒮𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝛼; 𝜙).  

Theorem 2. If 𝑓(𝑧) ∈ 𝒜𝑝and 𝑚, 𝑛 ∈ ℕ0, 𝜆2 ≥ 𝜆1 ≥ 0,  𝑙 ≥ 0, 𝑧 ∈ 𝐸. Then  

𝒞𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛼; 𝜙) ⊂ 𝒞𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼; 𝜙),    (0 ≤ 𝛼 < 𝑝, 𝑝 ∈ ℕ,𝜙 ∈ 𝒬) 

Proof: 

The proof comes in simple steps by utilizing the known relationship between the two classes 

of convex and starlike functions, as follows: 

Since 𝑓(𝑧) ∈ 𝒞𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛼; 𝜙) ⟺  ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧) ∈ 𝒞𝑝(𝛼; 𝜙), 

                                               ⟺
𝑧( ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧))′

𝑝
∈ 𝒮𝑝

∗(𝛼; 𝜙) , 

                                               ⟺  ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛 (

𝑧𝑓′(𝑧)

𝑝
) ∈ 𝒮𝑝

∗(𝛼; 𝜙) , 

                                               ⟺
𝑧𝑓′(𝑧)

𝑝
∈ 𝒮𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛(𝛼; 𝜙)⊂ 𝒮𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝛼; 𝜙)⏟          

𝑓𝑟𝑜𝑚 𝑡ℎ𝑒𝑟𝑜𝑚 1

, 

                                                ⟹
𝑧𝑓′(𝑧)

𝑝
∈ 𝒮𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼; 𝜙) 

                                               ⟺  ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (

𝑧𝑓′(𝑧)

𝑝
) ∈ 𝒮𝑝

∗(𝛼; 𝜙), 

                                               ⟺
𝑧

𝑝
( ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧))′ ∈ 𝒮𝑝
∗(𝛼; 𝜙), 

                                               ⟺  ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧) ∈ 𝒞𝑝(𝛼; 𝜙), 

                                                ⟺ 𝑓(𝑧) ∈ 𝒞𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝛼; 𝜙). 

The proof is completed. 

In theorem 1 and theorem 2 , by taking 𝜙(𝑧) =
1+𝐴𝑧

1−𝐵𝑧
, −1 ≤ 𝐵 < 𝐴 ≤ 1, 𝑧 ∈ 𝐸. We have the 

following corollary. 

Corollary 1. For (𝑧) ∈ 𝒜𝑝 , 𝜆2 ≥ 𝜆1 ≥ 0 , 𝛼 ≥ 0 and −1 ≤ 𝐵 < 𝐴 ≤ 1, we have  

𝒮𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛼; 𝐴, 𝐵) ⊂ 𝒮𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼; 𝐴, 𝐵), 
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𝒞𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛼; 𝐴, 𝐵) ⊂ 𝒞𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼; 𝐴, 𝐵). 

Notice that, when  𝐴 = 1, 𝐵 = −1, we obtain the classical classes and their related inclusion 

properties 𝒮𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛼) ⊂ 𝒮𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼) and 𝒞𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛼) ⊂ 𝒞𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼). 

Theorem 3. If 𝑓(𝑧) ∈ 𝒜𝑝and 𝑚, 𝑛 ∈ ℕ0, 𝜆2 ≥ 𝜆1 > 0,  𝑙 ≥ 0, 𝑧 ∈ 𝐸. Then  

𝒦𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛼, 𝛾; 𝜙, 𝜓) ⊂ 𝒦𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼, 𝛾; 𝜙, 𝜓),  (0 ≤ 𝛼, 𝛾 < 𝑝 ; 𝑝 ∈ ℕ;   𝜙, 𝜓 ∈ 𝒬)  

Proof: 

Let 𝑓(𝑧) ∈ 𝒦𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛼, 𝛾; 𝜙, 𝜓) ⇒ ∃ 𝑔(𝑧) ∈ 𝒮𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛(𝛼; 𝜙), such that   

1

𝑝−𝛾
(
𝑧( ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧))′

 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑔(𝑧)

− 𝛾) ≺ 𝜓(𝑧), 𝑧 ∈ 𝐸. 

Now, put  

𝑝(𝑧) =
1

𝑝−𝛾
(
𝑧(ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧)∗𝜑𝑝,𝜆2
1 (𝑧))′

 ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑔(𝑧)

− 𝛾),                                                    (20) 

where 𝑝(𝑧) is analytic in 𝐸 with 𝑝(0) = 1. Using (10) in (20), we obtain 

(
𝑝+𝑙

𝜆1
)ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧) = [𝑝(𝑧)(𝑝 − 𝛾) + 𝛾] ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑔(𝑧) + (

𝑝+𝑙−𝜆1

𝜆1
) (ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧) ∗ 𝜑𝑝,𝜆2
1 (𝑧))  .                   

(21)                                           

Differentiating (21) with respect to 𝑧 and multiplying by 𝑧, we get  

𝑧 (
𝑝+𝑙

𝜆1
) (ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧))
′

= [𝑝(𝑧)(𝑝 − 𝛾) + 𝛾]𝑧 ( ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑔(𝑧))

′

+  

𝑧𝑝′(𝑧)(𝑝 − 𝛾) ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑔(𝑧) + 𝑧 (

𝑝+𝑙−𝜆1

𝜆1
) (ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧) ∗ 𝜑𝑝,𝜆2
1 (𝑧)).           (22) 

Since 𝑔(𝑧) ∈ 𝒮𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛼; 𝜙), then by theorem 1, we have 𝑔(𝑧) ∈ 𝒮𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼; 𝜙), let  

𝑞(𝑧) =
1

𝑝−𝛼
[
𝑧(ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑔(𝑧))′

ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑔(𝑧)

− 𝛼], 

Where 𝑞(𝑧) is analytic function in E,  with 𝑞 (0) = 1. Using (11) in (21), we have 
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(
𝑝+𝑙

𝜆1
)
ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑔(𝑧)

ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑔(𝑧)

= 𝑞(𝑧)(𝑝 − 𝛼) + (
𝑝+𝑙−𝜆1

𝜆1
) + 𝛼.                                       (23) 

From (22) and (23), we have 

1

𝑝−𝛾
(
𝑧( ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧))′

 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑔(𝑧)

− 𝛾) = 𝑝(𝑧) +
𝑧𝑝′(𝑧)

𝑞(𝑧)(𝑝−𝛼)+(
𝑝+𝑙−𝜆1
𝜆1

)+𝛼
. 

Since 0 ≤ 𝛼 < 𝑝 ( 𝑝 ∈ ℕ) and  𝑞 ≺ 𝜙 in E, then  

𝑅𝑒 {𝑞(𝑧)(𝑝 − 𝛼) + (
𝑝+𝑙−𝜆1

𝜆1
) + 𝛼} > 0,   𝑧 ∈ 𝐸. 

Hence applying Lemma 2, we can show that 𝑝 ≺ 𝜓, that is, 𝑓 ∈ 𝒦𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝛼, 𝛾; 𝜙, 𝜓). 

Theorem 4. If 𝑓(𝑧) ∈ 𝒜𝑝and 𝑚, 𝑛 ∈ ℕ0, 𝜆2 ≥ 𝜆1 ≥ 0,  𝑙 ≥ 0 , 𝑧 ∈ 𝐸. Then  

𝑅𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛽, 𝛼) ⊂ 𝑅𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛽, 𝛼) 

where        (0 ≤ 𝛽, 𝛼 < 𝑝, 𝑝 ∈ ℕ). 

Proof: 

Let 𝑓(𝑧) ∈ 𝑅𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛽, 𝛼). Then, there exists a function 𝑘(𝑧) ∈  𝒮𝑝

∗(𝛼) such that   

ℛ𝑒 (
𝑧( ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧))′

𝑔(𝑧)
) > 𝛽     ,        (𝑧 ∈ 𝐸). 

 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑘(𝑧) = 𝑔(𝑧) ,  

ℛ𝑒 (
𝑧( ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧))′

 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑘(𝑧)

) > 𝛽  ,        (𝑧 ∈ 𝐸). 

Now, put  

𝑧 (ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧) ∗ 𝜑𝑝,𝜆2

1 (𝑧)) ′

ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑘(𝑧) ∗ 𝜑𝑝,𝜆2

1 (𝑧)
= 𝛽 + (𝑝 − 𝛽)ℎ(𝑧),

0 ≤ 𝛽 < 1, 𝑧 ∈ 𝐸 ,                                     (24) 

where ℎ(𝑧) = 1 + 𝑐1𝑧 + 𝑐2𝑧 + ⋯. Using (10) we can write 
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𝑧( ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑓(𝑧))′

 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑘(𝑧)

=
 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝑧𝑓′(𝑧))

 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑘(𝑧)

=

(
𝑝+𝑙−𝜆1
𝑝+𝑙

)(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝑧𝑓′(𝑧))∗𝜑𝑝,𝜆2

1 (𝑧))+(
𝜆1𝑧

𝑝+𝑙
)(ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛(𝑧𝑓′(𝑧))∗𝜑𝑝,𝜆2
1 (𝑧))′

(
𝑝+𝑙−𝜆1
𝑝+𝑙

)(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑘(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))+(
𝜆1𝑧

𝑝+𝑙
)(ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑘(𝑧)∗𝜑𝑝,𝜆2
1 (𝑧))′

, 

 

⇒
 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝑧𝑓′(𝑧))

 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑘(𝑧)

=

(
𝑝+𝑙−𝜆1
𝑝+𝑙

)
(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛

(𝑧𝑓′(𝑧))∗𝜑𝑝,𝜆2
1 (𝑧))

(ℱ
𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛
𝑘(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))

+(
𝜆1𝑧

𝑝+𝑙
)
(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛

(𝑧𝑓′(𝑧))∗𝜑𝑝,𝜆2
1 (𝑧))′

(ℱ
𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛
𝑘(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))

(
𝜆1𝑧

𝑝+𝑙
)
𝑧(ℱ

𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑘(𝑧)∗𝜑𝑝,𝜆2
1 (𝑧))

′

(ℱ
𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛
𝑘(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))

+(
𝑝+𝑙−𝜆1
𝑝+𝑙

)

    .                               

(25) 

Since 𝑘(𝑧) ∈ 𝒮𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝛼) ⊂ 𝒮𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛼), we set  

𝑧(ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑘(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))
′

(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑘(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))
= 𝛼 + (𝑝 − 𝛼)𝐻(𝑧),                                       (26) 

where  ℛ𝑒 𝐻(𝑧) > 0, (𝑧 ∈ 𝐸). Using (24) and (26), we can write (25) as  

 

 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝑧𝑓′(𝑧))

 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑘(𝑧)

=

(
𝜆1
𝑝+𝑙

)
𝑧(ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛
(𝑧𝑓′(𝑧))∗𝜑𝑝,𝜆2

1 (𝑧))′

(ℱ
𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛
𝑘(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))

+(
𝑝+𝑙−𝜆1
𝑝+𝑙

)[𝛽+(𝑝−𝛽)ℎ(𝑧)]

𝜆1
𝑝+𝑙

[𝛼+(𝑝−𝛼)𝐻(𝑧)]+(
𝑝+𝑙−𝜆1
𝑝+𝑙

)
.                 (27) 

On the other hand , from (24) we have  

𝑧 ( ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧) ∗ 𝜑𝑝,𝜆2

1 (𝑧))
′

= (ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑘(𝑧) ∗ 𝜑𝑝,𝜆2

1 (𝑧)) [𝛽 + (𝑝 − 𝛽)ℎ(𝑧)].     (28) 

Differentiating (28), and multiplying by 𝑧, we get  

𝑧 ( ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝑓′(𝑧)) ∗ 𝜑𝑝,𝜆2

1 (𝑧))
′

=                   

𝑧 (ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑘(𝑧) ∗ 𝜑𝑝,𝜆2

1 (𝑧)) [(𝑝 − 𝛽)ℎ′(𝑧)] + 𝑧[𝛽 + (𝑝 − 𝛽)ℎ(𝑧)] (ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑘(𝑧) ∗

𝜑𝑝,𝜆2
1 (𝑧)) ′, 
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𝑧(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝑧𝑓′(𝑧))∗𝜑𝑝,𝜆2

1 (𝑧))′

(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑘(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))
= 𝑧[(𝑝 − 𝛽)ℎ′(𝑧)] +

𝑧(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑘(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))′

(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑘(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))
[𝛽 + (𝑝 − 𝛽)ℎ(𝑧)].              

(29)             

Now, using (26) in (29), we get 

𝑧(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝑧𝑓′(𝑧))∗𝜑𝑝,𝜆2

1 (𝑧))′

(ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑘(𝑧)∗𝜑𝑝,𝜆2

1 (𝑧))
= 𝑧[(𝑝 − 𝛽)ℎ′(𝑧)] + [𝛼 + (𝑝 − 𝛼)𝐻(𝑧)][𝛽 + (𝑝 − 𝛽)ℎ(𝑧)]                 

(30) 

Consequently, from (30) we can write (27) as  

 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛(𝑧𝑓′(𝑧))

 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑘(𝑧)

= 
[𝑧[(𝑝−𝛽)ℎ′(𝑧)]+[𝛼+(𝑝−𝛼)𝐻(𝑧)][𝛽+(𝑝−𝛽)ℎ(𝑧)]]+(

𝑝+𝑙−𝜆1
𝜆1

)[𝛽+(𝑝−𝛽)ℎ(𝑧)]

[𝛼+(𝑝−𝛼)𝐻(𝑧)]+(
𝑝+𝑙−𝜆1
𝜆1

)
, 

⇒        
𝑧 ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛(𝑧𝑓′(𝑧))

 ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑘(𝑧)

− 𝛽 = (𝑝 − 𝛽)ℎ(𝑧) +
𝑧[(𝑝−𝛽)ℎ′(𝑧)]

[𝛼+(𝑝−𝛼)𝐻(𝑧)]+(
𝑝+𝑙−𝜆1
𝜆1

)
 .                                    

(31) 

Taking ℎ(𝑧) = 𝑢 and 𝑧ℎ′(𝑧) = 𝜈 in(31), we define the function 𝜛(𝑢, 𝜈)by 

𝜛(𝑢, 𝜈) = (𝑝 − 𝛽)𝑢 +
(𝑝−𝛽)𝜈

[𝛼+(𝑝−𝛼)𝐻(𝑧)]+(
𝑝+𝑙−𝜆1
𝜆1

)
, 

this implies 

i. 𝜛(𝑢, 𝜈)is continuous in𝐷 = ℂ × ℂ  . 

ii. (1,0) ∈ 𝐷and ℛ𝑒[𝜛(1,0)] > 0. 

To verify condition (iii) in lemma 3., we proceed as follows  

 

 

ℛ𝑒{𝜛(𝑖𝑢2, 𝜈1)} = ℛ𝑒 [(𝑝 − 𝛽)𝑖𝑢2 +
(𝑝−𝛽)𝜈1

[𝛼+(
𝑝+𝑙−𝜆1
𝜆1

)]+(𝑝−𝛼)ℎ1(𝑥,𝑦)+𝑖(𝑝−𝛼)ℎ2(𝑥,𝑦)
], 

                                        = ℛ𝑒 [(𝑝 − 𝛽)𝑖𝑢2 +
[[𝛼+(

𝑝+𝑙−𝜆1
𝜆1

)]+(𝑝−𝛼)ℎ1(𝑥,𝑦)−𝑖(𝑝−𝛼)ℎ2(𝑥,𝑦)](𝑝−𝛽)𝜈1

[𝛼+(
𝑝+𝑙−𝜆1
𝜆1

)+(𝑝−𝛼)ℎ1(𝑥,𝑦)]
2
+[(𝑝−𝛼)ℎ2(𝑥,𝑦)]2

], 
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                             ⇒ ℛ𝑒{𝜛(𝑖𝑢2, 𝜈1)} =
[𝛼+(

𝑝+𝑙−𝜆1
𝜆1

)+(𝑝−𝛼)ℎ1(𝑥,𝑦)](𝑝−𝛽)𝜈1

[𝛼+(
𝑝+𝑙−𝜆1
𝜆1

)+(𝑝−𝛼)ℎ1(𝑥,𝑦)]
2
+[(𝑝−𝛼)ℎ2(𝑥,𝑦)]2

  . 

Where 𝐻(𝑧) = ℎ1(𝑥, 𝑦) + 𝑖ℎ2(𝑥, 𝑦) and ℎ1(𝑥, 𝑦), ℎ2(𝑥, 𝑦) being the functions of 𝑥, 𝑦 and 

ℛ𝑒 𝐻(𝑧) = ℎ1(𝑥, 𝑦) > 0. 

   By putting  𝜈1 ≤ −
1

2
(1 + 𝑢2

2), we have  

ℛ𝑒{𝜛(𝑖𝑢2, 𝜈1)} = −
[𝛼+(

𝑝+𝑙−𝜆1
𝜆1

)+(𝑝−𝛼)ℎ1(𝑥,𝑦)](𝑝−𝛽)(1+𝑢2
2)

2[𝛼+(
𝑝+𝑙−𝜆1
𝜆1

)+(𝑝−𝛼)ℎ1(𝑥,𝑦)]
2
+[(𝑝−𝛼)ℎ2(𝑥,𝑦)]2

< 0. 

Hence, ℛ𝑒 ℎ(𝑧) > 0 ( 𝑧 ∈ 𝐸) and 𝑓(𝑧) ∈ 𝑅𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (𝛽, 𝛼).  

Theorem 5. If 𝑓(𝑧) ∈ 𝒜𝑝and 𝑚, 𝑛 ∈ ℕ0, 𝜆2 ≥ 𝜆1 ≥ 0,  𝑙 ≥ 0 , 𝑧 ∈ 𝐸. Then 

𝑅∗𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛

(𝛽, 𝛼) ⊂ 𝑅∗𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛

(𝛽, 𝛼), (0 ≤ 𝛽, 𝛼 < 𝑝, 𝑝 ∈ ℕ) 

Proof:  

The proof comes from the relationship between the classes 𝑅𝑝(𝛽, 𝛼) and 𝑅𝑝
∗(𝛽, 𝛼) that given 

by (6) and (15). Then,  using Theorem .4, as follows  

let 𝑓(𝑧) ∈ 𝑅∗𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛

(𝛽, 𝛼) ⟺  ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛𝑓(𝑧) ∈ 𝑅𝑝

∗(𝛽, 𝛼), 

                                            ⟺
𝑧( ℱ𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛𝑓(𝑧))′

𝑝
∈ 𝑅𝑝(𝛽, 𝛼) , 

                                            ⟺  ℱ𝑝,𝜆1,𝜆2
𝑚+1,𝑙,𝑛 (

𝑧𝑓′(𝑧)

𝑝
) ∈ 𝑅𝑃(𝛽, 𝛼) , 

                                            ⟺
𝑧𝑓′(𝑧)

𝑝
∈ 𝑅𝑝,𝜆1,𝜆2

𝑚+1,𝑙,𝑛(𝛽, 𝛼) , 

                                            ⟹
𝑧𝑓′(𝑧)

𝑝
∈ 𝑅𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 (𝛽, 𝛼) , 

                                            ⟺  ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 (

𝑧𝑓′(𝑧)

𝑝
) ∈ 𝑅𝑝(𝛽, 𝛼) , 

                                            ⟺
𝑧

𝑝
( ℱ𝑝,𝜆1,𝜆2

𝑚,𝑙,𝑛 𝑓(𝑧))′ ∈ 𝑅𝑝(𝛽, 𝛼) , 

                                            ⟺  ℱ𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛 𝑓(𝑧) ∈ 𝑅𝑝

∗(𝛽, 𝛼), 
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                                            ⟺ 𝑓(𝑧) ∈ 𝑅∗𝑝,𝜆1,𝜆2
𝑚,𝑙,𝑛

(𝛽, 𝛼). 

This completes the proof. 
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    𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ; 𝜙 ) ⊂   𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; 𝜙 )   ,   0 ≤ 𝛼 < p , p ∈ ℕ ,       𝜙 ∈ 𝒬


    𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ; 𝜙 ) ⊂   𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; 𝜙 )


  f  ( z )  


      𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ; 𝜙 )


    𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; 𝜙 )


  p  ( z ) =  1  p − 𝛼  [   z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) − 𝛼 ]


  p ( z )


  p  ( 0 ) = 1


  p  ( z ) =  1  p − 𝛼  [    (   p + l    𝜆 1 )  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) −  (   p + l −   𝜆 1    𝜆 1 )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) − 𝛼 ]


   (   p + l    𝜆 1 )    ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z )   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) = p  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼


  z  


  l o g  {  (   p + l    𝜆 1 )    ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z )   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) } =    ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z )     (   p + l    𝜆 1 ) ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) =


     [  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ]  (   p + l    𝜆 1 )    [  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ] ′ −  (   p + l    𝜆 1 )  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z )  [  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ] ′     [  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ] 2


  l o g  {  (   p + l    𝜆 1 )    ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z )   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) } =    [  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) −    [  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ,


  l o g  { p  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼 } =   p ′  ( z )  ( p − 𝛼 )  p  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼


  z


    z  [  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) −   z  [  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) =   z   p  ′  ( z )  ( p − 𝛼 )  p  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼


   1   ( p − 𝛼 )  {   z  [  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) −   z  [  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) } =   z p ′  ( z )  p  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼     .


   1   ( p − 𝛼 )  {   z  [  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) − 𝛼 } = p  ( z ) +   z   p ′ ( z )  p  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼   .    


  p ( z ) ≺ 𝜙


  f ∈     𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; 𝜙 )


  f ( z ) ∈   𝒜  p


  m , n ∈  ℕ 0


    𝜆 2 ≥   𝜆 1 ≥ 0


  l ≥ 0


  z ∈ E


    𝒞  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n ( 𝛼 ; 𝜙 ) ⊂   𝒞  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛼 ; 𝜙 )


  0 ≤ 𝛼 < p , p ∈ ℕ ,   𝜙 ∈ 𝒬


  f  ( z ) ∈   𝒞  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ; 𝜙 ) ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ∈   𝒞  p ( 𝛼 ; 𝜙 )


  ⟺   z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ) ′  p ∈   𝒮  p ∗  ( 𝛼 ; 𝜙 )


  ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  (   z f ′ ( z )  p ) ∈   𝒮  p ∗  ( 𝛼 ; 𝜙 )


  ⟺   z f ′ ( z )  p ∈   𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ; 𝜙 )        ⊂    𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; 𝜙 ) ⏟  f r o m   t h e r o m   1


  ⟹   z f ′ ( z )  p ∈   𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; 𝜙 )


  ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  (   z f ′ ( z )  p ) ∈   𝒮  p ∗  ( 𝛼 ; 𝜙 )


  ⟺   z  p  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f ( z ) ) ′ ∈   𝒮  p ∗  ( 𝛼 ; 𝜙 )


  ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f ( z ) ∈   𝒞  p ( 𝛼 ; 𝜙 )


  ⟺ f  ( z ) ∈   𝒞  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; 𝜙 )


  𝜙  ( z ) =   1 + A z  1 − B z ,   − 1 ≤ B < A ≤ 1 ,   z ∈ E


  ( z ) ∈   𝒜  p


    𝜆 2 ≥   𝜆 1 ≥ 0


  , 𝛼 ≥ 0  


  − 1 ≤ B < A ≤ 1


    𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ; A , B ) ⊂   𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; A , B )


    𝒞  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n ( 𝛼 ; A , B ) ⊂   𝒞  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛼 ; A , B )


  A = 1 ,   B = − 1


    𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ) ⊂   𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 )


    𝒞  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n ( 𝛼 ) ⊂   𝒞  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛼 )


  f ( z ) ∈   𝒜  p


  m , n ∈  ℕ 0


    𝜆 2 ≥   𝜆 1 > 0


  l ≥ 0


  z ∈ E


    𝒦  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 , 𝛾 ; 𝜙 , 𝜓 ) ⊂   𝒦  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 , 𝛾 ; 𝜙 , 𝜓 )


  0 ≤ 𝛼 ,   𝛾 < p   ; p ∈ ℕ ;     𝜙 , 𝜓 ∈ 𝒬


      f ( z ) ∈ 𝒦  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 , 𝛾 ; 𝜙 , 𝜓 ) ⇒ ∃   g ( z ) ∈   𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ; 𝜙 )


   1  p − 𝛾  (   z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f ( z ) ) ′      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n g ( z ) − 𝛾 ) ≺ 𝜓  ( z ) ,   z ∈ E


  p  ( z ) =  1  p − 𝛾  (   z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′      ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g ( z ) − 𝛾 )


    p ( z )


  E  


  p  ( 0 ) = 1


   (   p + l    𝜆 1 )  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) =  [ p  ( z )  ( p − 𝛾 ) + 𝛾 ]     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g  ( z ) +  (   p + l −   𝜆 1    𝜆 1 )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) )    


  z  


  z


  z  (   p + l    𝜆 1 )    (  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ) ′ =  [ p  ( z )  ( p − 𝛾 ) + 𝛾 ] z    (     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g  ( z ) ) ′ +


  z   p ′  ( z )  ( p − 𝛾 )   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g  ( z ) + z  (   p + l −   𝜆 1    𝜆 1 )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) .      


  g ( z ) ∈   𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ; 𝜙 )


  g ( z ) ∈   𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; 𝜙 )


  q  ( z ) =  1  p − 𝛼  [   z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g  ( z ) ) ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g  ( z ) − 𝛼 ]


    q ( z )


    q    ( 0 ) = 1


   (   p + l    𝜆 1 )    ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n g  ( z )   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g  ( z ) = q  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼


   1  p − 𝛾  (   z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f ( z ) ) ′      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n g ( z ) − 𝛾 ) = p  ( z ) +   z p ′ ( z )  q  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼


    0 ≤ 𝛼 < p   (   p ∈ ℕ )


  q ≺ 𝜙


  R e  { q  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼 } > 0 ,       z ∈ E


  p ≺ 𝜓


    f ∈ 𝒦  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 , 𝛾 ; 𝜙 , 𝜓 )


  f ( z ) ∈   𝒜  p


  m , n ∈  ℕ 0


    𝜆 2 ≥   𝜆 1 ≥ 0


  l ≥ 0


    z ∈ E


    R  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛽 , 𝛼 ) ⊂   R  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛽 , 𝛼 )


                 ( 0 ≤ 𝛽 ,     𝛼 < p ,   p ∈ ℕ ) .


  f ( z ) ∈   R  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛽 , 𝛼 )


    k ( z ) ∈     𝒮  p ∗  ( 𝛼 )


  ℛ e  (   z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f ( z ) ) ′  g ( z ) ) > 𝛽           ,                  ( z ∈ E )


      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) = g ( z )


  ℛ e  (   z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f ( z ) ) ′      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) ) > 𝛽     ,                  ( z ∈ E )


    z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) = 𝛽 +  ( p − 𝛽 ) h  ( z ) ,     0 ≤ 𝛽 < 1 ,   z ∈ E   ,                                                                           ( 24 )


  h  ( z ) = 1 +   c 1 z +   c 2 z + ⋯


    z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ) ′      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) =       ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( z   f ′  ( z ) )      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) =    (   p + l −   𝜆 1  p + l )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( z f ′  ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) +  (     𝜆 1 z  p + l )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( z f ′  ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (   p + l −   𝜆 1  p + l )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) +  (     𝜆 1 z  p + l )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′


  ⇒       ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( z f ′ ( z ) )      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) =    (   p + l −   𝜆 1  p + l )    (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( z f ′  ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) )   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) +  (     𝜆 1 z  p + l )    (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( z f ′  ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) )   (     𝜆 1 z  p + l )     z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) +  (   p + l −   𝜆 1  p + l )        


    k ( z ) ∈ 𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ) ⊂   𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 )


      z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) = 𝛼 +  ( p − 𝛼 ) H  ( z )


  ℛ e   H  ( z ) > 0 ,     ( z ∈ E )


        ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( z f ′ ( z ) )      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) =    (     𝜆 1  p + l )   z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( z f ′  ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) +  (   p + l −   𝜆 1  p + l )  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ]      𝜆 1  p + l  [ 𝛼 +  ( p − 𝛼 ) H ( z ) ] +  (   p + l −   𝜆 1  p + l )


  z    (     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′ =  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) )  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ]


  z


  z    (     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  (   f ′  ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′ =                                    


  z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) )  [  ( p − 𝛽 ) h ′  ( z ) ] + z  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ]  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′


    z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( z   f ′ ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) = z  [  ( p − 𝛽 ) h ′  ( z ) ] +   z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) )  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ]


    z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( z   f ′ ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) = z  [  ( p − 𝛽 )  h ′ ( z ) ] +  [ 𝛼 +  ( p − 𝛼 ) H  ( z ) ]  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ]  


        ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( z f ′ ( z ) )      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) =      [ z  [  ( p − 𝛽 ) h ′  ( z ) ] +  [ 𝛼 +  ( p − 𝛼 ) H ( z ) ]  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ] ] +  (   p + l −   𝜆 1    𝜆 1 )  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ]   [ 𝛼 +  ( p − 𝛼 ) H ( z ) ] +  (   p + l −   𝜆 1    𝜆 1 )


  ⇒                     z   ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( z f ′ ( z ) )      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) − 𝛽 =  ( p − 𝛽 ) h  ( z ) +   z  [  ( p − 𝛽 )  h  ′  ( z ) ]   [ 𝛼 +  ( p − 𝛼 ) H  ( z ) ] +  (   p + l −   𝜆 1    𝜆 1 )   .    


  h  ( z ) = u


  z h ′  ( z ) = 𝜈


  𝜛  ( u , 𝜈 )


  𝜛  ( u , 𝜈 ) =  ( p − 𝛽 ) u +    ( p − 𝛽 ) 𝜈   [ 𝛼 +  ( p − 𝛼 ) H ( z ) ] +  (   p + l −   𝜆 1    𝜆 1 )


  𝜛 ( u , 𝜈 )


  D = ℂ × ℂ


   ( 1 , 0 ) ∈ D


  ℛ e [ 𝜛  ( 1 , 0 ) ] > 0 .


  ℛ e  { 𝜛  (   i u 2   , 𝜈 1 ) } = ℛ e  [  ( p − 𝛽 )   i u 2 +    ( p − 𝛽 )   𝜈 1   [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) ] +  ( p − 𝛼 )  h 1 ( x , y ) +   i  ( p − 𝛼 ) h 2 ( x , y ) ]


  = ℛ e  [  ( p − 𝛽 )   i u 2 +    [  [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) ] +  ( p − 𝛼 )  h 1  ( x , y ) −   i  ( p − 𝛼 ) h 2 ( x , y ) ]  ( p − 𝛽 )   𝜈 1     [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) +  ( p − 𝛼 )  h 1 ( x , y ) ] 2 +    [    ( p − 𝛼 ) h 2 ( x , y ) ] 2 ]


                                                            ⇒ ℛ e  { 𝜛  (   i u 2   , 𝜈 1 ) } =    [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) +  ( p − 𝛼 )  h 1  ( x , y ) ]  ( p − 𝛽 )   𝜈 1     [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) +  ( p − 𝛼 )  h 1 ( x , y ) ] 2 +    [    ( p − 𝛼 ) h 2 ( x , y ) ] 2    


    H  ( z ) = h 1 ( x , y ) +   i h 2 ( x , y )


   h 1 ( x , y )


   h 2 ( x , y )


  x , y


  ℛ e   H  ( z ) =  h 1 ( x , y ) > 0


    𝜈 1 ≤ −  1 2 ( 1 +     u 2 2 )


  ℛ e  { 𝜛  (   i u 2   , 𝜈 1 ) } = −    [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) +  ( p − 𝛼 )  h 1  ( x , y ) ]  ( p − 𝛽 )  ( 1 +     u 2 2 )  2    [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) +  ( p − 𝛼 )  h 1  ( x , y ) ] 2 +    [    ( p − 𝛼 ) h 2  ( x , y ) ] 2 < 0


  ℛ e   h  ( z ) > 0   (   z ∈ E )


    f ( z ) ∈   R  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛽 , 𝛼 )


  f ( z ) ∈   𝒜  p


  m , n ∈  ℕ 0


    𝜆 2 ≥   𝜆 1 ≥ 0


  l ≥ 0


    z ∈ E


      R ∗  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n ( 𝛽 , 𝛼 ) ⊂     R ∗  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛽 , 𝛼 )


  ( 0 ≤ 𝛽 ,     𝛼 < p ,   p ∈ ℕ )


      R  p ( 𝛽 , 𝛼 )


    R  p ∗  ( 𝛽 , 𝛼 )


  f  ( z ) ∈     R ∗  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n ( 𝛽 , 𝛼 ) ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ∈   R  p ∗ ( 𝛽 , 𝛼 )


  ⟺   z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ) ′  p ∈   R  p ( 𝛽 , 𝛼 )


  ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  (   z f ′ ( z )  p ) ∈   R  P ( 𝛽 , 𝛼 )


  ⟺   z f ′ ( z )  p ∈   R  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n ( 𝛽 , 𝛼 )


  ⟹   z f ′ ( z )  p ∈   R  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛽 , 𝛼 )


  ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  (   z f ′ ( z )  p ) ∈   R  p ( 𝛽 , 𝛼 )


  ⟺   z  p  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f ( z ) ) ′ ∈   R  p ( 𝛽 , 𝛼 )


  ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f ( z ) ∈   R  p ∗ ( 𝛽 , 𝛼 )


  ⟺ f  ( z ) ∈     R ∗  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛽 , 𝛼 )


  𝛽


  𝛼


  𝛽

