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Abstract

The purpose of the present paper, is making use of the principle of subordination between
analytic functions, to introduce and systematically study new subclasses of analytic multivalent
functions in the open unit disk E', by means of the extended generalized derivative operator

T;flill’ﬁz f(z). Also, inclusion properties of these subclasses of functions will be investigated.

In addition, we will define the class of p-valent close-to-convex functions of order  and type
a , and the class of quasi- convex functions, and will prove their inclusion properties.

Keywords: Analytic p-valent functions, Generalized derivative operator, Inclusion properties,
Quasi- convex Open unit disk.
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1. Introduction and Preliminaries

Multivalent functions are a natural generalization of univalent functions and constitute
an important branch of geometric function theory, a field of significant research interest. One
of the most significant studies and applications of such functions was the introduction of new
subclasses using generalized derivative operators and studies of their inclusion properties
[6,8,21,28]. To establish the theoretical foundation of this topic, this study presents some
important concepts in multivalent functions theory.
Consider Apdenote the class of analytic multivalent (p-valent) functions of the form:

f@=2" + 5z’ , (PEN), (1)
in the open unit disk E = {z:z € C, |z| < 1}. Also,
let S5 (a) denote the class of starlike p-valent functions of order a , that defined by

* _ . zf'(z)
Sp(a)—{f(z)ec/lp.Re(—f(z))>a,0£a<p,zEE}, ?2)
this class introduced by Patil and Thakare [23], in particular §5(0) = Sjthe class of starlike
p-valent functions in E, which defined by Goodman [15]. The class Cp,(«) of convex p-valent

functions of order, is defined by

Cy(@) = {f(2) € Ap:Re (1+ Zj:gf)) >a,0<a<pzeE} 3)

this class introduced by Owa [22], in particular C,(0) = Cpthe class of convex p-valent
functions in E, which defined by Goodman [15]. It follows from (2) and (3) that

f(z) € Cp(a) ifandonlyif Z ;(Z’ € S;(a),(0 < a < p).
We denote by K, (a) for the class of p-valent close to convex order a , which studies by
Mishra and Sahu [20], defined by

f’(Z)

Kyp(a) = {f € A,: 3 convex function g(z), Re (g'(z)

)>a,0£a<p,zEE},

Notice that, J, (0) = XK, the class of p-valent close to convex function in E.

A function f € A, is said to be p-valent close —to- convex function of order § and type a if
there exists a function g(z) € Sy(a) such that

zf1(z)
Re(%)>ﬂ (OS,B, a<P,ZEE), (4)
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we denote for this class by R, (S, a), the class R, (f, a) was studied by Aouf [7]. We note
that, R, (8, ) = Xy (B, @) was studied by Libera [16]. Furthermore, a function f € A,, is

called quasi-convex of function of order 8 and type «, if there exists a function g(z) €
Cp(a) such that

Re((zg:g))))>,8 (0<B, a<p,z€E), ®)

we denote for this class by R, (S, a). From (4) and (5), clearly
f(z) € Ry(B, @) ifand only if Zfo) € R,(Ba). (6)

If f and g are analytic functions in E, we say that f is subordinate to g , written f < g if
there exists a Schwarz function w , which is analytic in E with w(0) = 0 and |[w(z)| < 1 for
all z € Esuch that f(z) = g(w(z)), z € E . Furthermore, if the function g is univalent in E,
then (see [10,19])

f <g ifandonlyif f(0)=g(0) and f(E) c g(E).

Let Q be the class of functions ¢ which are analytic and univalent in E and for which ¢ (E)is
convex with ¢(0) = land Re{¢(2)} > 0,z € E. Making use the principle of subordination
between analytic functions, we introduce the subclasses Sy (a; ¢), Cp(a; ¢) and

Ky (a,y; ¢, ) of the class A, 0 < @,y < p (p € N) and ¢, € Q, which are defined by

@) ={f) ey - (L2-a)<p(), zeE}. (7)
Co(a; §) = {f(2) € Ay: (1 + Z}’f ((j) —a) < ¢(z), z€E} (8)
And

Wy, v p) = {f € Api3 g € (@)t 7= (L2 —v) <), z € B},

Notice that, from (7) and (8) we have

f(z) € Cy(a; ¢) ifand only if Z ;(Z) € S;(a;$),(0<a<p).

From these definitions, we can obtain some well-known subclasses by special choices of the
functions ¢ and . For example , we have

1-z"1-z

5*( “Z) Sp(a), € ( ”Z) Cy(@) and X, (oolilﬂ)zycp.
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One of the methods used to define generalized differential operators is the concept of
convolution, for two functions f(z) given by (1) and g(z) given by

9(2) =z + ¥, .1 biz®, 2z €E,
the convolution is defined below
(f *9)(2) = 2P + X711 a¥byz* = (g * f)(2).

Using the convolution, the authors [2], introduced new extended generalized derivative

operator T;’f ill'ﬁz f (2) for a class A, as follows:

let f(z) € Ay, mn€Ny=NU{0},p e Nand41, =4, =0, = 0. Consider

v A1) + ().

p+l ptl
and suppose that

1 _ 1 k
90p,/12(z) =zP 4 Zl?:p+1mz R

then

FUL @) =@« - (@) * ok, (2) * f(2) * R f(2),

t—times,t={0,1,2,...}

Where R*P f(z) the Rusheweyh derivative operator.

therefore
—A1+1 2 ,
Foiin @ =10 (03,@) * ) + 25 (0.2,@ = £’
2[ 1,,
plflzf( ) pll y (Tp A:l,lzf(z)
L 11 1,1,
;nllr,llzf( z) = p;L:l)LZ( ;nal;tznf(z)
Thus

Journal of Libyan Academy Bani Walid Page 281




Journal of Libyan Academy Bani Walid 2026

(p+21(k—p)+D)™1
(p+D)™1(14+2,(k-p))

OVFs f(2) = 2P + Bipan - P k) ayz",

where

n+k— 1) _ T(k+n)
k—p ] &-p)T@+ny

cP(n, k) = (
Special cases of this operator includes:
- 9-"1"3117}12 f(z) = I™(A4, A5, 1,n) f(2),defined by Amer and Darus [1].
m+1,0,n _ n . .
- Fo, f(z) = R"™f(z), the Rusheweyh derivative operator [24].

- Tpﬁj:)l'o'o f(z) = S™f(z), the Salagean derivative operator [26].

- Tf' /{)1% f(z) = R}f(2), the generalized Rusheweyh derivative operator [3].

- Tﬁt}do'o f(z)=S E f(2), the generalized Salagean derivative operator

introduced by Al-oboudi [5].
- Tln}lllr(l, f(z) =1™(4,B,1)f(2) the Catas derivative operator [11].
- FI50% f(2) = uy™. f (2).defined by AL-Abbad and Darus[4].
- Tpﬁﬁ)l'o'o f(z) = Spf(2), defined by Eker and Seker [14].
-5 p’TBBl'O‘"f (2) = R*?f(z), introduced by Raina and Srivastava [25].
- FlooPTHf(2) = D™PTUf(2), defined by Kumar and Shukla [27].
- T{,’f ,fl'l(’,o’o f(z) = D§,f (z),introduced by Bulut [9].
- Tg‘q ill'f)o f(2) = I} (A, 1) f (2),the catas extended multiplier transformation [12].

It follows from (9) the following relation:

(0 + DFpEETf(2) = (0 + 1= 1) (Fps (D) % 02,(2)) + haz (Fpshs f(2) +
q’zl:,/’lz (Z)) . (10)
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Now, using the operator T;'fill’ﬁz f(2), we introduce the new subclasses of p-valent
analytic 5;"/1”3 (a; ), C;"il’a (a; @), K;"llln (a,y; ¢, P)functions for ¢,y € Q and
Ry, (B, @), R4, (B, )

Definition 1.1

For a function f(z) € A,, we define the new subclasses of A, as

Syt (@ d) = {f(2) € Ap: Fyu' f(2) € Sp(a; §), z € E}, (11)

C’;"Alﬁz(a; ) ={f(2) e a‘lp:il—-';'fill’ﬁzf(z) € Cy(a; p), zE€E} (12)
Ko (v 0, 9) = {f(2) € Ay f(2) € Kp(a,v; ), z € E}

And

lezlnlz(ﬁ a) = {f(2) € A T;"Allrjlzf(z) €R,(B,a), z€E}, (13)

Rpara,(B.@) = {f (2) € Ap: FJU% f(2) € Ry(B. @), z € E}.

(14)
Clearly , from (11) and (12) we have
f(2) ey (a;¢) ifand onlyif = (Z) €S (a; ).
And, from (6) , (13) and (14), we conclude that
f(2) R (B,a) ifandonlyif 2 ;(Z) RM™ (B, ). (15)

For the purpose of proving our results, we shall make use of the following known results:

Lemma 1.[13] Let ¢ be convex univalent in E with ¢(0) = 1and Re{u¢(z) + v} > 0 for
u, v € C. if p(2) is analytic in E with p(0) = 1, then

P2 + 222 2 4(2) (z€E)

up(z)+v
implies that
p(z) < ¢(2), (z€E)

(Eenigenbury, Miller, Mocanu& Reade, 1983).
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Lemma 2. [19] Let ¢ be convex univalent in E and w(z) be analytic in E with Re{w(z)} >
0 .if p(z) is analytic in E with p(0) = ¢(0) , then

p(z) + w(z) zp'(2) < ¢(2), (z€E),
implies that
p(2) < ¢(2), (z€E).
(Miller, Mocanu& Reade, 1981).

Lemma 3. [17] let @w (u, v) be a complex functionw:D — C,c CX C,andletu = u; +
iu,, v =vq + iv,. Suppose that @ satisfies the following conditions:

i. w(u, v)is continuous inD .
ii. (1,0) € Dand Re[w(1,0)] > 0.
iii. Re{w (iuy, v1)} < 0 for all(iu,, v4) € D such that v; < —%(1 + u,?).

Let h(z) = 1+ ¢z + ¢,z + - be analytic in E, such that(h(z),zh(z)) € D forall z € E.
If Re{w (h(z),zh'(z))} > 0,(z € E) then Re[h(z)] > 0 forz € E.

2. Inclusion Properties Involving the Operator ?Z.l;llf/lz f(2).

Theorem 1. If f(z) € A,and m,n € Ny, A, =24, 20, [ =20,z € E. Then

Syt ¢) c YT (@ $),0<a<pp€EN, p€Q
Proof:

To show that S;'lllt'lilz‘n (a; ) C S;flill‘ﬁz (a; @), consider f(z) an arbitrary element of the

class S{f At'l/’llz'"(a; ¢), It suffices to prove that this element belongs to the class SIT /’111’32 (a; P).

Set

p(2) = p—[ (16)

(P 1@k 2, @) ]
— a ,

(Fmim, Db 5,@))

where p(2) is analytic function in E, with p(0) = 1. Using (10) in (16), we have
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() = L |G @) i @ @) |

1
— mln 1
pma TP.M./lzf(z)*(pp‘lz (Z))

We immediately obtain

+1,1,
(p+l) Fpapas T2
o ) Zmin 1
A :prlh.ﬂzf(z)*(ppﬁz (2)

=p@p -+ (E2) +a (17)

Then, differentiating (17) logarithmically with respect to z , we get

Left side

+1,1, "5 1
t0g {(52) i 0| el oorbd

A1 Fmln f(z)*‘l’;lz,lz(z) - (p_"'l)Tm+1,l,nf(Z)

pA1.2 A1 /7 pA1A2

mln 1 p+l m+1,lLn I (p+l\om+1in mln 1
[Foiea,f @02, @G0 [Fpaas F D] =(57)Fpaay T @[ Fpin, f @02, @)]r

2
[ HWIORTPNEO)]

Thus

v e T KUK

A, - +1,1, A ’
Al :Fprﬁpng(z) * (p;’rlz (Z) TPTZLAZ nf(z) Tpr,r/lh;zf(z) * (pll"lz (Z)

and, right side

_ ptihy — p!(2)(p-a)
log {p@ @ - @) + (F72) + o} e sy

Now, by equalizing both sides and multiplying them by z,we have

2 Fp i @) 2 Fpaa, f @0y, @) 2p @P-)
+1,1, L - -2 b
?Ir))fll,lznf(z) ?g:ll;_llzf(z)*(p;]’lz (Z) p(z)(p—a)+(—p+ll 1)+a
oA A
L () dmtreeh,ol) e )
(p-a) T;r_l,{kll_)ll'znf(l) Tglilflzf(z)*%l,_lz (2) p(z)(p—a)+(%)+a '

Finally, using (16) in (18)we get

1 (2P r@) @' @)
= —ap=p@)+ . 19
(P—a){ FIELE(2) aj=pr() (@) (- +(H)+a (19)
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Applying lemma 1 to (19), it follows that p(z) < ¢, that is,f € Sg’l/‘lll‘ﬁz (a; ).

Theorem 2. If f(z) € Apand m,n € Ny, A, =21, =20, [ =20,z € E. Then

CobiM (@ ¢) c e (), (0<a<ppeN¢EQ)
Proof:

The proof comes in simple steps by utilizing the known relationship between the two classes
of convex and starlike functions, as follows:

Since f(z) € Cy5 W™ (a; ¢) & Fya i f(2) € Cpla; §),

P Tm+1,l,nf(z) '
AHTO) ¢ s,

m+1,Ln (Zf1(2) -
= Tp,)ll,/lz ( - )E Sp(a; é),

zf1(z) m+1ln, . mln .
[—4 P E Splﬂ‘llﬂ'z (a, ¢) c Sp‘ll,/'{z (al 4)))

from therom 1

=

zf1(z) mln .
P € Splgl,gz (a; ¢)

mln (zf'(2) —
= Fun (£2) € sp(a ),

= (Franf (@) € S ¢),
o FUT f(2) € Cpla; §),

= f(2) €y (@ ¢).

The proof is completed.

1+Az

In theorem 1 and theorem 2 , by taking ¢(z) = e

—1<B<A<1,z€E. Wehave the

following corollary.

Corollary 1. For (z) € A, ,A; 22, 20,a =20and -1 < B <A < 1, we have

m+1ln, . mln ]
Sp»lhllz (a’ A’ B) = Sp'/llrlz (al AJ B),
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m+1,ln . mln ]
Coa i (@ A,B) € CJ57 (@ A, B).

Notice that, when A = 1, B = —1, we obtain the classical classes and their related inclusion
. m+1,ln m,\ln m+1,ln m,\ln
properties S, 7" ;" (a) € §,;" (@) and C, 7 57" (a) € C,3 75 ().

Theorem 3. If f(z) € A,and m,n € Ny, A, =24, >0, [ =0,z € E. Then
Kpoan @y ) C H3h (@,y; ¢ ), O<a,y<p;p€N; p,Y€Q)

Proof:

Let f(2) € K;’?A’:Blz’"(a,y; d,P)>3g(z) € Sgltllilz'n(a; @), such that

1 (2(FNT @)
E(%&)—V <yY(2),z€E.

pA1LA2 g(2)

Now, put

p.ll.lzg(z)

(A e, @)
p(Z) - E( me'l'n —_ y R (20)
where p(z) is analytic in E with p(0) = 1. Using (10) in (20), we obtain

+1 +1-A
(BR)Frathinf(2) = @@ =) + V1 il g (2) + (B52) (Foi, f(2) * 02, (D) -

21
Differentiating (21) with respect to z and multiplying by z, we get
+1 ! !
2(B2) (Fibiinf ) = @@ =) + vz (Fpih,a@) +
' 1 p+i-4 1 1
20’ (D =V Fpit 92 + 2 (F52) (Fpin f (D * 03.0,(). (22)

Since g(2) € 5;’?1’;1/'1[2'"(61; ¢), then by theorem 1, we have g(z) € ngilﬁz (a; ), let

z( FHb gz)|r
q(z) = S M _ a],

_ m,ln
p—a Tp,h,lzg(z)

Where q(z) is analytic function in E, with g (0) = 1. Using (11) in (21), we have
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1,ln
:F+

(B 22228 — () (p - @) + (B2 + « (23)

Fpasa,9()
From (22) and (23), we have

1 (Z( Tglﬁlﬂfznf(z)) V) — p(Z) zp!(z)

p—vy :Fm+1ln 7 4 p+l-2A1 4 .
DA Ay 9Z) q(2)(p—a) (—1 ) a

Since0 <a<p(p€N)and q < ¢ inE, then
Re{q(z)(p —a)+ (p o /11) + a} >0, z€EE.
Hence applying Lemma 2, we can show that p < 1, that is, f € JCIT ill'ﬁz (a,y; 0, ).
Theorem 4. If f(z) € A,and m,n € Np, A1, =21, =20, | =0,z € E. Then
RN (B, o) € RTY™, (B, @)
where (0<pB, a <p,p €EN).
Proof:

Let f(z) € R} ;1 ?/’f;n(ﬁ, a). Then, there exists a function k(z) € S, (a) such that

:Fm+1ln
Re(—z( py g/ ))) >p ), (z €E).

9(2)
L,
‘T";n,;;llznk(z) =9(2),
Z(Tm;l/—llnf(z))
Re|—222—2|>p, z€E).
(Cemn)>s. wen
Now, put

z(Fn £(2) * 03 ,,(2)’

pn;lﬁ k(z) * ¢y ,,(2)
0<B<1,z€E, (24)

=p+ (- PFh(2),

where h(z) = 1+ ¢,z + ¢,z + ---. Using (10) we can write
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A Fp @) _ i (er' @) _

m+1,ln m+1ln
Tp P k(z) Tp A1, 40 k(z)

(p;;l;lh)( glll1nlz (Zf’(z))*(pp A2 (Z))+(;izl)< ;rzlllzn(zf’(z))*(pp A2 (Z))

p+l-1 mln Az m+1,ln
(5= 1)(%11 Azk(z)*‘pplz(z))“L(ﬁ)(Tpal A, K(2)* (pp/lz(z))

F @ f1@)0) 5, ))

L 1
(p+l—/11\( pA1.Az Alz\(Tg?hr,llz (21@)0p,2, (Z))'

+1 ) (T/
7—";”;1 1}len(zf (Z)) P (? zyzlllrilz k(z)*(pp./lz (Z)) i (Tﬂliﬁz k(z)*(p;’lz (Z))
Tm+1 lnk(z) - +1,l,
pA1Az (M\Z( ;:nala k@), /12(2)> I(p+l—11)
p+l/ (T;nllnl k@10 5 (z)> p+l
(25)
Since k(z) € § m+1ln( )cs§ mln 2, (@), we set
2 FYE T (203 5, (2)
( e M ) . =a+(p—-a)H(2), (26)
(J—'p i lzk(z)*qop A (Z))
where Re H(z) > 0, (z € E). Using (24) and (26), we can write (25) as
L
A_\Z(Tglh"lz (zf1@)0p 2, (Z)>'. AL B
l O HE ) B+P-Pr@)]
?Zlﬂjll.i'zn(zf,(z)) 3 (9—"21)L Az k(2)* @y, AZ(Z)) (27)
) - on o P

On the other hand , from (24) we have

2(FEI F@) *0b2, @) = (FI k(@) * 03,2, B+~ DRG] (28)

Differentiating (28), and multiplying by z, we get
z(FIn (F(2) * 04, @) =

2(FIn k(@) * 93,5, [0~ B @] + 218 + (p = PRI (FIi™ k(2) =
031,(2)".
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A7y, o @) 0p 2, @)

(Fmim k@)ph 5, )

2(Fpih, k(@ 0p 1, (2)
110y - oo + )
(Fmtm, k@) 5, 2))

[+ (p = Bh(2)].
(29)

Now, using (26) in (29), we get

" (ﬁfi&;z(?:g% Zi))) 2[(p = BN (D] + [a + (0 — ) HD][B + (p — BIA(2)]

(30)
Consequently, from (30) we can write (27) as
FIHUR 1) [l -Ph@)+a+ - H@IB+E-A@]]+(F2) B+ (p-A)r()]
;n;llllznk( 2 [a+(p—a)H(z)]+(zH'/ll—I/1l) ’
o DO g gy + — e
FI b (2) P [a+(p-)H (@] +(E2)
(€19

Taking h(z) = u and zh'(z) = v in(31), we define the function w(u, v)by

(o (p—B)v
o(u,v)={p-Fu+ [t (- HE)]+ (p+l 11)

this implies
1. w(u, v)is continuous inD = C X C .
ii. (1,0) € Dand Re[w(1,0)] > 0.

To verify condition (iii) in lemma 3., we proceed as follows

. ' . O
Re{w(iu,,v,)} = Re - B)iu, +
(@ (fuzv1)) _(p B |+ (B2 [+ - () +io- Ol)hz(xY)l

[M(%)]+(p—a)h1(x,y)—i(p—a)hz(x.y)](p—ﬁ)w

=Re|(p — B)iu, +

b

[“%%)Jf(l’-a)hﬂx.y)]z+[(p—a)h2 (x.]?
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[a_,_(%).k(p—a)hl(x,y)](p—ﬁ)w

= Re{w(iu,,v{)} = .
. [a+(%)+(p—a)h1(x.y)]2+[(p—a)hz(x,y)]2

Where H(z) = hy(x,y) + ih,(x,y) and hy(x,y), h,(x, y) being the functions of x, y and
Re H(z) = hy(x,y) > 0.

By putting v; < — % (1 + u,?), we have

[“%%)ﬂp—a)m(x,y)](p—ﬁ)(1+u22)

2
2[a+<%)+(p—a)h1(x,y)] +[(p-)ho (x,y)]2

Re{w(iu,,v,)} = — <0.

Hence, Re h(z) > 0 (z € E) and f (2) € Ry%" (B, ).

Theorem 5. If f(z) € Apand m,n € Ny, 1, 24, =20, [ =0,z € E. Then
Ry (B,@) € R'p375,(B,a), (0< B, a <p,p €N)

Proof:

The proof comes from the relationship between the classes R, (f, a) and R, (B, a) that given
by (6) and (15). Then, using Theorem .4, as follows

let f(2) € Ry 2l (B.a) & Fiii™f(2) € Ry(B, @),

z :Fm+1,l,nf(z) ’
Arhiro) R,(B, @),

+1,Ln (zf1(2)
o Fyhin (L2) e Rp(p 0,

zf1(z) m+1,ln
= > S Rp'hllz B, a),

zf1(z) mln
= > S Rp,)Ll,Az(ﬁ' a),

Ln (zf1(2)
A ?;7/1132( p )ERP(ﬁ’a)a
z ,l, '
= (Foinf (@) €Ry(B.a)

L, *
= FMN £(2) € Ry (B a),
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S f(2) € R, (B ).

This completes the proof.
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  p  ( z ) =  1  p − 𝛼  [    (   p + l    𝜆 1 )  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) −  (   p + l −   𝜆 1    𝜆 1 )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) − 𝛼 ]


   (   p + l    𝜆 1 )    ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z )   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) = p  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼


  z  


  l o g  {  (   p + l    𝜆 1 )    ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z )   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) } =    ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z )     (   p + l    𝜆 1 ) ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) =


     [  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ]  (   p + l    𝜆 1 )    [  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ] ′ −  (   p + l    𝜆 1 )  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z )  [  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ] ′     [  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ] 2


  l o g  {  (   p + l    𝜆 1 )    ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z )   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) } =    [  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) −    [  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ,


  l o g  { p  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼 } =   p ′  ( z )  ( p − 𝛼 )  p  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼


  z


    z  [  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) −   z  [  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) =   z   p  ′  ( z )  ( p − 𝛼 )  p  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼


   1   ( p − 𝛼 )  {   z  [  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) −   z  [  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) } =   z p ′  ( z )  p  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼     .


   1   ( p − 𝛼 )  {   z  [  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ] ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) − 𝛼 } = p  ( z ) +   z   p ′ ( z )  p  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼   .    


  p ( z ) ≺ 𝜙


  f ∈     𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; 𝜙 )


  f ( z ) ∈   𝒜  p


  m , n ∈  ℕ 0


    𝜆 2 ≥   𝜆 1 ≥ 0


  l ≥ 0


  z ∈ E


    𝒞  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n ( 𝛼 ; 𝜙 ) ⊂   𝒞  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛼 ; 𝜙 )


  0 ≤ 𝛼 < p , p ∈ ℕ ,   𝜙 ∈ 𝒬


  f  ( z ) ∈   𝒞  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ; 𝜙 ) ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ∈   𝒞  p ( 𝛼 ; 𝜙 )


  ⟺   z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ) ′  p ∈   𝒮  p ∗  ( 𝛼 ; 𝜙 )


  ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  (   z f ′ ( z )  p ) ∈   𝒮  p ∗  ( 𝛼 ; 𝜙 )


  ⟺   z f ′ ( z )  p ∈   𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ; 𝜙 )        ⊂    𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; 𝜙 ) ⏟  f r o m   t h e r o m   1


  ⟹   z f ′ ( z )  p ∈   𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; 𝜙 )


  ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  (   z f ′ ( z )  p ) ∈   𝒮  p ∗  ( 𝛼 ; 𝜙 )


  ⟺   z  p  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f ( z ) ) ′ ∈   𝒮  p ∗  ( 𝛼 ; 𝜙 )


  ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f ( z ) ∈   𝒞  p ( 𝛼 ; 𝜙 )


  ⟺ f  ( z ) ∈   𝒞  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; 𝜙 )


  𝜙  ( z ) =   1 + A z  1 − B z ,   − 1 ≤ B < A ≤ 1 ,   z ∈ E


  ( z ) ∈   𝒜  p


    𝜆 2 ≥   𝜆 1 ≥ 0


  , 𝛼 ≥ 0  


  − 1 ≤ B < A ≤ 1


    𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ; A , B ) ⊂   𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; A , B )


    𝒞  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n ( 𝛼 ; A , B ) ⊂   𝒞  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛼 ; A , B )


  A = 1 ,   B = − 1


    𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ) ⊂   𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 )


    𝒞  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n ( 𝛼 ) ⊂   𝒞  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛼 )


  f ( z ) ∈   𝒜  p


  m , n ∈  ℕ 0


    𝜆 2 ≥   𝜆 1 > 0


  l ≥ 0


  z ∈ E


    𝒦  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 , 𝛾 ; 𝜙 , 𝜓 ) ⊂   𝒦  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 , 𝛾 ; 𝜙 , 𝜓 )


  0 ≤ 𝛼 ,   𝛾 < p   ; p ∈ ℕ ;     𝜙 , 𝜓 ∈ 𝒬


      f ( z ) ∈ 𝒦  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 , 𝛾 ; 𝜙 , 𝜓 ) ⇒ ∃   g ( z ) ∈   𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ; 𝜙 )


   1  p − 𝛾  (   z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f ( z ) ) ′      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n g ( z ) − 𝛾 ) ≺ 𝜓  ( z ) ,   z ∈ E


  p  ( z ) =  1  p − 𝛾  (   z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′      ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g ( z ) − 𝛾 )


    p ( z )


  E  


  p  ( 0 ) = 1


   (   p + l    𝜆 1 )  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) =  [ p  ( z )  ( p − 𝛾 ) + 𝛾 ]     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g  ( z ) +  (   p + l −   𝜆 1    𝜆 1 )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) )    


  z  


  z


  z  (   p + l    𝜆 1 )    (  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ) ′ =  [ p  ( z )  ( p − 𝛾 ) + 𝛾 ] z    (     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g  ( z ) ) ′ +


  z   p ′  ( z )  ( p − 𝛾 )   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g  ( z ) + z  (   p + l −   𝜆 1    𝜆 1 )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) .      


  g ( z ) ∈   𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ; 𝜙 )


  g ( z ) ∈   𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 ; 𝜙 )


  q  ( z ) =  1  p − 𝛼  [   z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g  ( z ) ) ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g  ( z ) − 𝛼 ]


    q ( z )


    q    ( 0 ) = 1


   (   p + l    𝜆 1 )    ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n g  ( z )   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n g  ( z ) = q  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼


   1  p − 𝛾  (   z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f ( z ) ) ′      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n g ( z ) − 𝛾 ) = p  ( z ) +   z p ′ ( z )  q  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼


    0 ≤ 𝛼 < p   (   p ∈ ℕ )


  q ≺ 𝜙


  R e  { q  ( z )  ( p − 𝛼 ) +  (   p + l −   𝜆 1    𝜆 1 ) + 𝛼 } > 0 ,       z ∈ E


  p ≺ 𝜓


    f ∈ 𝒦  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 , 𝛾 ; 𝜙 , 𝜓 )


  f ( z ) ∈   𝒜  p


  m , n ∈  ℕ 0


    𝜆 2 ≥   𝜆 1 ≥ 0


  l ≥ 0


    z ∈ E


    R  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛽 , 𝛼 ) ⊂   R  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛽 , 𝛼 )


                 ( 0 ≤ 𝛽 ,     𝛼 < p ,   p ∈ ℕ ) .


  f ( z ) ∈   R  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛽 , 𝛼 )


    k ( z ) ∈     𝒮  p ∗  ( 𝛼 )


  ℛ e  (   z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f ( z ) ) ′  g ( z ) ) > 𝛽           ,                  ( z ∈ E )


      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) = g ( z )


  ℛ e  (   z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f ( z ) ) ′      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) ) > 𝛽     ,                  ( z ∈ E )


    z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) = 𝛽 +  ( p − 𝛽 ) h  ( z ) ,     0 ≤ 𝛽 < 1 ,   z ∈ E   ,                                                                           ( 24 )


  h  ( z ) = 1 +   c 1 z +   c 2 z + ⋯


    z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ) ′      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) =       ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( z   f ′  ( z ) )      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) =    (   p + l −   𝜆 1  p + l )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( z f ′  ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) +  (     𝜆 1 z  p + l )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( z f ′  ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (   p + l −   𝜆 1  p + l )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) +  (     𝜆 1 z  p + l )  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′


  ⇒       ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( z f ′ ( z ) )      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) =    (   p + l −   𝜆 1  p + l )    (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( z f ′  ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) )   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) +  (     𝜆 1 z  p + l )    (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( z f ′  ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) )   (     𝜆 1 z  p + l )     z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) +  (   p + l −   𝜆 1  p + l )        


    k ( z ) ∈ 𝒮  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( 𝛼 ) ⊂   𝒮  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( 𝛼 )


      z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) = 𝛼 +  ( p − 𝛼 ) H  ( z )


  ℛ e   H  ( z ) > 0 ,     ( z ∈ E )


        ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( z f ′ ( z ) )      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) =    (     𝜆 1  p + l )   z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( z f ′  ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) +  (   p + l −   𝜆 1  p + l )  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ]      𝜆 1  p + l  [ 𝛼 +  ( p − 𝛼 ) H ( z ) ] +  (   p + l −   𝜆 1  p + l )


  z    (     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′ =  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) )  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ]


  z


  z    (     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  (   f ′  ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′ =                                    


  z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) )  [  ( p − 𝛽 ) h ′  ( z ) ] + z  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ]  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′


    z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( z   f ′ ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) = z  [  ( p − 𝛽 ) h ′  ( z ) ] +   z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) )  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ]


    z  (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  ( z   f ′ ( z ) ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) ′   (  ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n k  ( z ) ∗   𝜑  p ,   𝜆 2 1  ( z ) ) = z  [  ( p − 𝛽 )  h ′ ( z ) ] +  [ 𝛼 +  ( p − 𝛼 ) H  ( z ) ]  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ]  


        ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( z f ′ ( z ) )      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) =      [ z  [  ( p − 𝛽 ) h ′  ( z ) ] +  [ 𝛼 +  ( p − 𝛼 ) H ( z ) ]  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ] ] +  (   p + l −   𝜆 1    𝜆 1 )  [ 𝛽 +  ( p − 𝛽 ) h  ( z ) ]   [ 𝛼 +  ( p − 𝛼 ) H ( z ) ] +  (   p + l −   𝜆 1    𝜆 1 )


  ⇒                     z   ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  ( z f ′ ( z ) )      ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n k  ( z ) − 𝛽 =  ( p − 𝛽 ) h  ( z ) +   z  [  ( p − 𝛽 )  h  ′  ( z ) ]   [ 𝛼 +  ( p − 𝛼 ) H  ( z ) ] +  (   p + l −   𝜆 1    𝜆 1 )   .    


  h  ( z ) = u


  z h ′  ( z ) = 𝜈


  𝜛  ( u , 𝜈 )


  𝜛  ( u , 𝜈 ) =  ( p − 𝛽 ) u +    ( p − 𝛽 ) 𝜈   [ 𝛼 +  ( p − 𝛼 ) H ( z ) ] +  (   p + l −   𝜆 1    𝜆 1 )


  𝜛 ( u , 𝜈 )


  D = ℂ × ℂ


   ( 1 , 0 ) ∈ D


  ℛ e [ 𝜛  ( 1 , 0 ) ] > 0 .


  ℛ e  { 𝜛  (   i u 2   , 𝜈 1 ) } = ℛ e  [  ( p − 𝛽 )   i u 2 +    ( p − 𝛽 )   𝜈 1   [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) ] +  ( p − 𝛼 )  h 1 ( x , y ) +   i  ( p − 𝛼 ) h 2 ( x , y ) ]


  = ℛ e  [  ( p − 𝛽 )   i u 2 +    [  [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) ] +  ( p − 𝛼 )  h 1  ( x , y ) −   i  ( p − 𝛼 ) h 2 ( x , y ) ]  ( p − 𝛽 )   𝜈 1     [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) +  ( p − 𝛼 )  h 1 ( x , y ) ] 2 +    [    ( p − 𝛼 ) h 2 ( x , y ) ] 2 ]


                                                            ⇒ ℛ e  { 𝜛  (   i u 2   , 𝜈 1 ) } =    [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) +  ( p − 𝛼 )  h 1  ( x , y ) ]  ( p − 𝛽 )   𝜈 1     [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) +  ( p − 𝛼 )  h 1 ( x , y ) ] 2 +    [    ( p − 𝛼 ) h 2 ( x , y ) ] 2    


    H  ( z ) = h 1 ( x , y ) +   i h 2 ( x , y )


   h 1 ( x , y )


   h 2 ( x , y )


  x , y


  ℛ e   H  ( z ) =  h 1 ( x , y ) > 0


    𝜈 1 ≤ −  1 2 ( 1 +     u 2 2 )


  ℛ e  { 𝜛  (   i u 2   , 𝜈 1 ) } = −    [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) +  ( p − 𝛼 )  h 1  ( x , y ) ]  ( p − 𝛽 )  ( 1 +     u 2 2 )  2    [ 𝛼 +  (   p + l −   𝜆 1    𝜆 1 ) +  ( p − 𝛼 )  h 1  ( x , y ) ] 2 +    [    ( p − 𝛼 ) h 2  ( x , y ) ] 2 < 0


  ℛ e   h  ( z ) > 0   (   z ∈ E )


    f ( z ) ∈   R  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛽 , 𝛼 )


  f ( z ) ∈   𝒜  p


  m , n ∈  ℕ 0


    𝜆 2 ≥   𝜆 1 ≥ 0


  l ≥ 0


    z ∈ E


      R ∗  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n ( 𝛽 , 𝛼 ) ⊂     R ∗  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛽 , 𝛼 )


  ( 0 ≤ 𝛽 ,     𝛼 < p ,   p ∈ ℕ )


      R  p ( 𝛽 , 𝛼 )


    R  p ∗  ( 𝛽 , 𝛼 )


  f  ( z ) ∈     R ∗  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n ( 𝛽 , 𝛼 ) ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ∈   R  p ∗ ( 𝛽 , 𝛼 )


  ⟺   z  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n f  ( z ) ) ′  p ∈   R  p ( 𝛽 , 𝛼 )


  ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n  (   z f ′ ( z )  p ) ∈   R  P ( 𝛽 , 𝛼 )


  ⟺   z f ′ ( z )  p ∈   R  p ,   𝜆 1 ,   𝜆 2  m + 1 , l , n ( 𝛽 , 𝛼 )


  ⟹   z f ′ ( z )  p ∈   R  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛽 , 𝛼 )


  ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n  (   z f ′ ( z )  p ) ∈   R  p ( 𝛽 , 𝛼 )


  ⟺   z  p  (     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f ( z ) ) ′ ∈   R  p ( 𝛽 , 𝛼 )


  ⟺     ℱ  p ,   𝜆 1 ,   𝜆 2  m , l , n f ( z ) ∈   R  p ∗ ( 𝛽 , 𝛼 )


  ⟺ f  ( z ) ∈     R ∗  p ,   𝜆 1 ,   𝜆 2  m , l , n ( 𝛽 , 𝛼 )


  𝛽


  𝛼


  𝛽

